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A FAMILY OF SINGULAR INTEGRAL OPERATORS
WHICH CONTROL THE CAUCHY TRANSFORM
PETR CHUNAEV, JOAN MATEU, AND XAVIER TOLSA
Abstract. We study the behaviour of singular integral operators Tkt of convo-
lution type on C associated with the parametric kernels
kt(z) :=
(Re z)3
|z|4 + t ·
Re z
|z|2 , t ∈ R, k∞(z) :=
Re z
|z|2 ≡ Re
1
z
, z ∈ C \ {0}.
It is shown that for any positive locally finite Borel measure with linear growth
the corresponding L2-norm of Tk0 controls the L
2-norm of Tk∞ and thus of the
Cauchy transform. As a corollary, we prove that the L2(H1bE)-boundedness of
Tkt with a fixed t ∈ (−t0, 0), where t0 > 0 is an absolute constant, implies that E is
rectifiable. This is so in spite of the fact that the usual curvature method fails to be
applicable in this case. Moreover, as a corollary of our techniques, we provide an
alternative and simpler proof of the bi-Lipschitz invariance of the L2-boundedness
of the Cauchy transform, which is the key ingredient for the bilipschitz invariance
of analytic capacity.
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1. Introduction and Theorems
In this paper we study the behaviour of singular integral operators (SIOs) in the
complex plane associated with the kernels
(1.1) kt(z) :=
(Re z)3
|z|4 + t ·
Re z
|z|2 , t ∈ R, k∞(z) :=
Re z
|z|2 ≡ Re
1
z
,
where z ∈ C \ {0}. This topic was previously discussed in [Ch, CMT]. Among
other things, we show that there exists t0 > 0 such that, given t ∈ (−t0, 0), the
L2-boundedness of Tkt implies the L
2-boundedness of a wide class of SIOs. We also
establish the equivalence between the L2(µ)-boundedness of Tkt and the uniform
rectifiability of µ in the case when µ is Ahlfors-David regular. Moreover, as a
corollary of our techniques, we also provide an alternative and simpler proof of the
bi-Lipschitz invariance of the L2-boundedness of the Cauchy transform, which in
turn implies the bilipschitz invariance of analytic capacity modulo constant factors.
Note that analogous problem in higher dimensions for the Riesz transform is still
an open challenging problem.
We start with necessary notation and background facts. Note that we work only
in C and therefore usually skip dimension markers in definitions.
Let E ⊂ C be a Borel set and B(z, r) be an open disc with center z ∈ C and
radius r > 0. We denote by H1(E) the (1-dimensional) Hausdorff measure of E, i.e.
length, and call E a 1-set if 0 < H1(E) < ∞. A set E is called rectifiable if it is
contained in a countable union of Lipschitz graphs, up to a set of H1-measure zero.
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A set E is called purely unrectifiable if it intersects any Lipschitz graph in a set of
H1-measure zero. By a measure often denoted by µ we mean a positive locally finite
Borel measure on C.
Given a measure µ, a kernel kt of the form (1.1) and an f ∈ L1(µ), we define the
following truncated SIO
(1.2) Tkt,εf(z) :=
∫
E\B(z,ε)
f(ζ)kt(z − ζ)dµ(ζ), where E = sptµ and ε > 0.
We do not define the SIO Tkt explicitly because several delicate problems such as
the existence of the principal value might arise. Nevertheless, we say that Tkt is
L2(µ)-bounded and write ‖Tkt‖L2(µ) < ∞ if the operators Tkt,ε are L2(µ)-bounded
uniformly on ε.
How to relate the L2(µ)-boundedness of a certain SIO to the geometric properties of
the support of µ is an old problem in Harmonic Analysis. It stems from Caldero´n [C]
and Coifman, McIntosh and Meyer [CMM] who proved that the Cauchy transform is
L2(H1bE)-bounded on Lipschitz graphs E. In [D] David fully characterized rectifi-
able curves Γ, for which the Cauchy transform is L2(H1bΓ)-bounded. These results
led to further development of tools for understanding the above-mentioned problem.
Our purpose is to relate the L2(H1bE)-boundedness of Tkt associated with the
kernel (1.1) to the geometric properties of E. Let us mention the known results (we
formulate them in a slightly different form than in the original papers). In what
follows we suppose that E ⊂ C is a 1-set.
The first one is due to David and Le´ger [L] and related to k∞, i.e. the real part
of the Cauchy kernel, although it was proved for the Cauchy kernel originally:
‖Tk∞‖L2(H1bE) <∞ ⇒ E is rectifiable. (A)
This is a very difficult result which generalizes the classical one of Mattila, Melnikov
and Verdera [MMV] for Ahlfors-David regular sets E. As in [MMV], the proof in
[L] uses the so called Menger curvature and the fact that it is non-negative. Since
we use similar tools, all the necessary definitions will be given below.
A natural question arose consisting in proving analogues of (A) for SIOs associated
with kernels different from the Cauchy kernel or its coordinate parts, see [MMV,
CMPT1]. Recently Chousionis, Mateu, Prat and Tolsa [CMPT1] gave the first
non-trivial example of such SIOs. Namely, they proved the following implication:
‖Tk0‖L2(H1bE) <∞ ⇒ E is rectifiable. (B)
The authors of [CMPT1] used a curvature type method. It allowed them to
modify the required parts of the proof from [L] to obtain their result. Extending
this technique, Chunaev [Ch] proved that the same is true for a quite large range of
the parameter t, additionally to t = 0 and t =∞:
‖Tkt‖L2(H1bE) <∞ for a fixed t ∈ (−∞,−2]∪(0,+∞) ⇒ E is rectifiable. (C)
It is also shown in [Ch] that a direct curvature type method cannot be applied
for t ∈ (−2, 0). Moreover, it is known that for some of these t there exist counterex-
amples to the above-mentioned implication due to results of Huovinen [H] and Jaye
and Nazarov [JN]:
t = −1 or t = −3
4
⇒ ∃ purely unrectifiable E : ‖Tkt‖L2(H1bE) <∞. (D)
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Note that the examples by Huovinen and Jaye and Nazarov are different and
essentially use the analytical properties of each of the kernels. Moreover, the cor-
responding constructions are quite complicated and this apparently indicates that
constructing such examples for some more or less special class of kernels is not an
easy task. This is an example of the difficulty of dealing with Tkt for t ∈ (−2, 0).
We however succeeded in [CMT] in proving the following result:
‖Tkt‖L2(H1bE) <∞ for a fixed t ∈ (−2,−
√
2) ⇒ E is rectifiable. (E)
This is the first example in the plane when the curvature method cannot be
applied directly (as the corresponding pointwise curvature-like expressions called
permutations change sign) but it can still be proved that L2-boundedness implies
rectifiability.
The aim of this paper is to move forward in understanding the behaviour of Tkt
for a fixed t ∈ (−2, 0) when direct curvature methods are not available. First we
prove the following.
Theorem 1. There exist absolute constants t0 > 0 and c > 0 such that for any
finite measure µ with C∗-linear growth it holds that
(1.3) sup
ε>0
‖Tk∞,ε1‖L2(µ) 6 t−10 sup
ε>0
‖Tk0,ε1‖L2(µ) + cC∗
√
µ(C).
Note that, by [CMT, Lemma 3] under the same assumptions on µ,
(1.4) ‖Tk0,ε1‖L2(µ) 6
√
2‖Tk∞,ε1‖L2(µ) + cC∗
√
µ(C),
where ε > 0 and c > 0 is independent of ε. With respect to the proof of (1.4) in
[CMT], the proof of (1.3) is more difficult as we will see in this paper.
Denote by Cµ the Cauchy transform with respect µ. That is,
Cµf(z) =
∫
1
z − ξ f(ξ) dµ(ξ).
From Theorem 1 and a perturbation argument, using the same t0, we will show the
next result.
Theorem 2. Let µ be a measure with linear growth and t ∈ (−t0, 0). If the SIO Tkt
is L2(µ)-bounded, then the Cauchy transform Cµ is also L
2(µ)-bounded.
See also Corollary 3 below for a more general statement.
As an immediate consequence of Theorem 2 and the statement (A), we obtain
the following.
Corollary 1. Let t ∈ (−t0, 0). If ‖Tkt‖L2(H1bE) <∞, then E is rectifiable.
This corollary complements the assertions (A)− (E) so that we have the overall
picture as in Figure 1. It is clear from (D) that necessarily t0 ∈ (0, 3/4). What is
more, it is very important here that the pointwise curvature-like expressions (per-
mutations), corresponding to t ∈ (−t0, 0), also change sign as in (E) so that the
curvature method cannot be applied directly but L2-boundedness still implies rec-
tifiability.
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Figure 1. The overall picture for SIO associated with the kernels kt
Remark 1. By simple analysis one can show that the kernel kt has one zero line if t ∈ (−∞,−1) ∪ [0,∞],two zero lines if t = −1,three zero lines if t ∈ (−1, 0).
By a zero line we mean a straight line L ⊂ C such that kt(z) = 0 for z ∈ L.
In this sense, it is interesting to compare Corollary 1 with the part of (D) deduced
from [JN]. Observing Figure 1, one can see that the number of zero lines along is
not determinant.
Remark 2. Let t1 and t2 be such that −
√
2 6 t1 < t2 6 −t0. If there exist finite
purely unrectifiable (i.e. concentrated on purely unrectifiable sets) measures µ1 and
µ2 with linear growth such that Tkt1 is L
2(µ1)-bounded and Tkt2 is L
2(µ2)-bounded,
then µ1 is different from µ2.
Indeed, let µ be a finite purely unrectifiable measure with linear growth such that
Tkt˜ is L
2(µ)-bounded for a fixed t˜ ∈ [−√2,−t0]. By the triangle inequality for any
real t,
‖Tkt1‖L2(µ) = ‖(Tk0 + (t− t˜) ·Tk∞ + t˜ ·Tk∞)1‖L2(µ) > |t− t˜|‖Tk∞1‖L2(µ)−‖Tkt˜1‖L2(µ).
Consequently, ‖Tkt1‖L2(µ) = ∞ for all t 6= t˜ as ‖Tk∞1‖L2(µ) = ∞ since µ is purely
unrectifiable. Thus an example of a purely unrectifiable measure µ such that Tkt˜ is
L2(µ)-bounded for a fixed t˜ ∈ [−√2,−t0] does not work for t 6= t˜.
2. Notation and definitions
2.1. Constants. We use the letters c and C to denote constants which may change
their values at different occurrences. On the other hand, constants with subscripts
such as A0 or c1 do not change their values throughout the paper. In a majority of
cases constants depend on some parameters which are usually indicated explicitly
and will be fixed at the very end so that the constants become absolute.
If there is a constant C such that A 6 C B, we write A . B. Furthermore, A ≈ B
is equivalent to saying that A . B . A, possible with different implicit constants.
If the implicit constant in expressions with “.” or “≈” depends on some positive
parameter, say, α, we write A .α B or A ≈α B.
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2.2. Curvature and permutations of measure. For an odd and real-valued
kernel K, consider the following permutations :
pK(z1, z2, z3)
:= K(z1 − z2)K(z1 − z3) +K(z2 − z1)K(z2 − z3) +K(z3 − z1)K(z3 − z2).(2.1)
Supposing that µ1, µ2 and µ3 are measures, set
(2.2) pK(µ1, µ2, µ3) :=
∫∫∫
pK(z1, z2, z3) dµ1(z1) dµ2(z2) dµ3(z3).
We write pK(µ) := pK(µ, µ, µ) for short and call it permutation of the measure µ.
Moreover, in what follows pK,ε(µ1, µ2, µ3) stands for the integral in the right hand
side of (2.2) defined over the set
{(z1, z2, z3) ∈ C3 : |zk − zj| > ε > 0, 1 6 k, j 6 3, j 6= k},
and pK,ε(µ) := pK,ε(µ, µ, µ).
Identities similar to (2.1) and (2.2) were first considered by Melnikov [M] in the
case of the Cauchy kernel K(z) = 1/z. It can be easily seen that in the related case
of K(z) = Re (1/z) = k∞(z) one has
(2.3) pk∞(z1, z2, z3) =
1
4
c(z1, z2, z3)
2,
where
c(z1, z2, z3) =
1
R(z1, z2, z3)
is the so called Menger curvature and R(z1, z2, z3) stands for the radius of the circle
passing through z1, z2 and z3. Clearly, c(z1, z2, z3) > 0 for any (z1, z2, z3) ∈ C3
which is very important in applications. In what follows, c2(µ) := 4pk∞(µ) and
c2ε(µ) := 4pk∞,ε(µ) for a measure µ.
The permutations (2.1) and (2.2) for more general kernels K were considered later
by Chousionis, Mateu, Prat and Tolsa in [CMPT1] (see also [CMPT2]).
Now let K be an odd real-valued Caldero´n-Zygmund (i.e. satisfying well-known
growth and smoothness conditions) kernel with permutations (2.1), being non-
negative for any (z1, z2, z3) ∈ C3. If µ has C∗-linear growth, i.e. there exists a
constant C∗ > 0 such that
(2.4) µ(B(z, r)) 6 C∗r for all r > 0 and z ∈ sptµ,
then the following relation between pK(µ) and the L
2(µ)-norm of TK1 holds:
(2.5) ‖TK,ε1‖2L2(µ) = 13pK,ε(µ) +RK,ε(µ), |RK,ε(µ)| . C2∗µ(C).
An analogous relation was first proved for the Cauchy kernel K(z) = 1/z. It was
done in the seminal paper [MV] by Melnikov and Verdera. It turns out that one
can follow Melnikov-Verdera’s proof to obtain the more general identity (2.5) (see,
for example, [CMPT1, Lemma 3.3]).
The formulas (2.3) and (2.5), generating the curvature method (also knows as the
symmetrization method), are remarkable in the sense that they relate an analytic no-
tion (the operator TK , in particular, the Cauchy transform) with a metric-geometric
one (permutations, in particular, curvature).
Note that the L2(H1bE)-boundedness of the Cauchy transform and the identities
(2.3) and (2.5) imply that c2(H1bE) <∞. Consequently, it is enough to show that
c2(H1bE) <∞ implies rectifiability. This is actually how it was done in [L].
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Take into account that we usually write pt instead of pkt in what follows, in order
to simplify notation.
What is more, recall that it is shown in [Ch, Theorem 1 and Remark 1] that{
pt(z1, z2, z3) > 0 for any (z1, z2, z3) ∈ C3, if t /∈ (−2, 0),
pt(z1, z2, z3) may change sign for some (z1, z2, z3) ∈ C3, if t ∈ (−2, 0).
These facts are illustrated in Figure 1. Moreover, by [CMT, Lemma 2],
(2.6) p0(z1, z2, z3) 6 2p∞(z1, z2, z3) for any (z1, z2, z3) ∈ C3.
2.3. Beta numbers and densities. For any closed ball B = B(x, r) with center
x ∈ C and radius r > 0 and 1 6 p <∞, let
(2.7) βµ,p(B) := inf
L
(
1
r
∫
B
(
dist(y, L)
r
)p
dµ(y)
)1/p
,
where the infimum is taken over all affine lines L ⊂ C. The βµ,p coefficients were
introduced by David and Semmes [DS1] and are the generalization of the well-known
Jones β-numbers [J].
We will mostly deal with βµ,2(2BQ) and so by LQ we denote a corresponding best
approximating line, i.e. a line where the infimum is reached in (2.7) for B = 2BQ
(see the definition of BQ below) and p = 2 .
Throughout the paper we also use the following densities:
Θµ(B) := Θµ(x, r) =
µ(B(x, r))
r
, where B = B(x, r), x ∈ C, r > 0.
3. Main Lemma and proofs of Theorems
Theorem 1 is implied by the following lemma.
Main Lemma. There exist absolute constants t0 > 0 and c > 0 such that for any
finite measure µ with C∗-linear growth it holds that
(3.1) p∞(µ) 6 t−20 p0(µ) + cC2∗µ(C).
The proof of this result is long and technical and actually takes the biggest part
of this paper. Note that (3.1) is a counterpart to the inequality p0(µ) 6 2p∞(µ)
that follows from (2.6).
3.1. Proof of Theorem 1. Suppose that Main Lemma holds. Then the iden-
tity (2.5) and inequality (3.1) yield
sup
ε>0
‖Tk∞,ε1‖2L2(µ) 6 13p∞(µ) + cC2∗µ(C)
6 1
3
t−20 p0(µ) + cC
2
∗µ(C)
6 t−20 sup
ε>0
‖Tk0,ε1‖2L2(µ) + cC2∗µ(C),
where c > 0 is an absolute constant. Applying the inequality
√
ax2 + b 6 √ax+√b
that is valid for a, b, x > 0, gives Theorem 1.
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3.2. Proof of Theorem 2. We now apply the perturbation method from [CMT].
By the triangle inequality and Theorem 1,
sup
ε>0
‖Tkt,ε1‖L2(µ) = sup
ε>0
‖(Tk0,ε + t · Tk∞,ε)1‖L2(µ)
> sup
ε>0
‖Tk0,ε1‖L2(µ) − |t| sup
ε>0
‖Tk∞,ε1‖L2(µ)
> (t0 − |t|) sup
ε>0
‖Tk∞,ε1‖L2(µ) − cC∗
√
µ(C).
Consequently,
sup
ε>0
‖Tk∞,ε1‖L2(µ) 6
supε>0 ‖Tkt,ε1‖L2(µ) + cC∗
√
µ(C)
t0 − |t| , |t| < t0.
Therefore, given any cube Q ⊂ C, applying this estimate to the measure µbQ, we
get
(3.2) sup
ε>0
‖Tk∞,εχQ‖L2(µbQ) 6
supε>0 ‖Tkt,εχQ‖L2(µbQ) + cC∗
√
µ(Q)
t0 − |t| , |t| < t0.
By a variant of the T1 Theorem of Nazarov, Treil and Volberg from [T3, Theorem
9.40], we infer from (3.2) that the L2(µ)-boundedness of Tkt with a fixed t such that
|t| < t0 implies that of Tk∞ , and thus the Cauchy transform is L2(µ)-bounded.
4. Other corollaries
Recall that a measure µ is Ahlfors-David regular (AD-regular) if
C−1r 6 µ(B(z, r)) 6 Cr, where z ∈ sptµ, 0 < r < diam( sptµ),
and C > 1 is some fixed constant. A measure µ is called uniformly rectifiable if it is
AD-regular and sptµ is contained in an AD-regular curve. One can summarise all
up-to-date results characterising uniformly rectifiable measures via L2(µ)-bounded
SIOs Tkt as follows.
Corollary 2. Let µ be an AD-regular measure and t ∈ (−∞,−√2)∪ (−t0,∞]. The
measure µ is uniformly rectifiable if and only if the SIO Tkt is L
2(µ)-bounded.
The part of Corollary 2 for t = ∞, i.e. for the Cauchy transform, was proved in
[MMV]; for t = 0 in [CMPT1]; and for t ∈ (−∞,−√2) ∪ (0,∞) in [Ch, CMT].
Furthermore, one can formulate the following general result.
Corollary 3. Let µ be a measure with linear growth and t ∈ (−∞,−√2)∪(−t0,∞].
If the SIO Tkt is L
2(µ)-bounded, then so are all 1-dimensional SIOs associated with
a wide class of sufficiently smooth kernels kernels.
We refer the reader to [T1, Sections 1 and 12] and [G, Theorem A] for the more
precise description of what is meant by “sufficiently smooth kernels”.
The part of Corollary 3 for t = ∞, i.e. for the Cauchy transform, was proved in
[T1] (see also [G]) and for t ∈ (−∞,−√2) ∪ (0,∞) in [Ch, CMT].
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5. Plan of the proof of Main Lemma
To prove Main Lemma, we will use a corona decomposition that is similar, for
example, to the ones from [T4] and [AT]: it splits the David-Mattila dyadic lattice
into some collections of cubes, which we will call “trees”, where the density of µ
does not oscillate too much and most of the measure is concentrated close to a
graph of a Lipschitz function. To construct this function we will use a variant of the
Whitney extension theorem adapted to the David-Mattila dyadic lattice. Further,
we will show that the family of trees of the corona decomposition satisfies a packing
condition by arguments inspired by some of the techniques used in [AT] and earlier
in [T2] to prove the bilipschitz “invariance” of analytic capacity. More precisely, we
will deduce Main Lemma from the two-sided estimate
(5.1) pk∞(µ) .
∑
R∈Top
Θµ(2BR)
2µ(R) . pk0(µ) + C2∗µ(C),
where Top is the family of top cubes for the above-mentioned trees. Note that the
left hand side inequality in (5.1) in essentially contained in [T4] and verifying the
right hand side inequality is actually the main objective in the proof.
It is worth mentioning that the structure of our trees is more complicated than
in [AT]. This is because we deal with permutations which are not comparable to
curvature in some cases and this leads to additional technical difficulties. What is
more, we are not able to use a nice theorem by David and Toro [DT] which shortens
the proof in [AT] considerably. Indeed, this theorem would be useful to construct a
chordal curve such that most of the measure µ is concentrated close to it. However,
in our situation we need to control slope and therefore we have to deal with and
to construct a graph of a Lipschitz function with well-controlled Lipschitz constant
instead.
The plan of the proof of Main Lemma is the following. In Section 6 we recall the
properties of the David-Mattila dyadic lattice. We construct the trees and establish
their properties in Sections 7–13. The main properties are summarized in Section 14,
where they are further used for constructing the corona type decomposition. The
end of the proof of Main Lemma is given in Section 14.6.
Finally, in Section 15 we show how one can slightly change the proof of Main
Lemma in order to give another proof of a certain result from [AT] and obtain an
alternative proof of the bi-Lipschitz invariance of the L2-boundedness of the Cauchy
transform.
Remark 3. The measure µ considered below is under assumptions of Main Lemma,
i.e. µ is a finite measure with C∗-linear growth. Moreover, without loss of generality
we additionally suppose that µ has compact support.
6. The David-Mattila lattice
We use the dyadic lattice of cubes with small boundaries constructed by David
and Mattila [DM]. The properties of this lattice are summarized in the next lemma
(for the case of C).
Lemma 1 (Theorem 3.2 in [DM]). Let µ be a measure, E = sptµ, and consider
two constants C0 > 1 and A0 > 5000C0. Then there exists a sequence of partitions
of E into Borel subsets Q, Q ∈ Dk, with the following properties:
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• For each integer k > 0, E is the disjoint union of the “cubes” Q, Q ∈ Dk,
and if k < l, Q ∈ Dl, and R ∈ Dk, then either Q ∩R = ∅ or else Q ⊂ R.
• The general position of the cubes Q can be described as follows. For each
k > 0 and each cube Q ∈ Dk, there is a ball B(Q) = B(zQ, r(Q)) such that
zQ ∈ Q, A−k0 6 r(Q) 6 C0A−k0 ,
E ∩B(Q) ⊂ Q ⊂ E ∩ 28B(Q) = E ∩B(zQ, 28r(Q)),
and
the balls 5B(Q), Q ∈ Dk, are disjoint.
• The cubes Q ∈ Dk have small boundaries. That is, for each Q ∈ Dk and
each integer l > 0, set
N extl (Q) = {x ∈ E \Q : dist(x,Q) < A−k−l0 },
N intl (Q) = {x ∈ Q : dist(x,E \Q) < A−k−l0 },
and
Nl(Q) = N
ext
l (Q) ∪N intl (Q).
Then
µ(Nl(Q)) 6 (C−1C−70 A0)−l µ(90B(Q)).
• Denote by Ddbk the family of cubes Q ∈ Dk for which
(6.1) µ(100B(Q)) 6 C0 µ(B(Q)).
If Q ∈ Dk \ Ddbk , then r(Q) = A−k0 and
µ(100B(Q)) 6 C−l0 µ(100l+1B(Q)) for all l > 1 such that 100l 6 C0.
We use the notation D = ⋃k>0Dk. For Q ∈ D, we set D(Q) = {P ∈ D : P ⊂ Q}.
Observe that
r(Q) ≈ diam(Q).
Also we call zQ the center of Q. We set BQ = 28B(Q) = B(zQ, 28 r(Q)), so that
E ∩ 1
28
BQ ⊂ Q ⊂ BQ.
We denote Ddb = ⋃k>0Ddbk and Ddb(Q) = Ddb ∩ D(Q). Note that, in particular,
from (6.1) it follows that
(6.2) µ(100B(Q)) 6 C0 µ(2BQ) if Q ∈ Ddb.
For this reason we will call the cubes from Ddb doubling.
As shown in [DM], any cube Q ∈ D can be covered µ-a.e. by doubling cubes.
Lemma 2 (Lemma 5.28 in [DM]). Let Q ∈ D. Suppose that the constants A0 and
C0 in Lemma 1 are chosen suitably. Then there exists a family of doubling cubes
{Qi}i∈I ⊂ Ddb, with Qi ⊂ Q for all i, such that their union covers µ-almost all Q.
We denote by J(Q) the number k such that Q ∈ Dk.
Lemma 3 (Lemma 5.31 in [DM]). Let P ∈ D and let Q ( P be a cube such that
all the intermediate cubes S, Q ( S ( P , are non-doubling (i.e. not in Ddb). Then
µ(100B(Q)) 6 A−20(J(Q)−J(P )−1)0 µ(100B(P )).
Recall that Θµ(B) = µ(B(x, r))/r. From Lemma 3 one can easily deduce
1
1Note that there is an inaccuracy with constants in the original Lemma 2.4 in [AT].
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Lemma 4 (Lemma 2.4 in [AT]). Let Q,P ∈ D be as in Lemma 3. Then
Θµ(100B(Q)) 6 C0A−19(J(Q)−J(P )−1)+10 Θµ(100B(P )) 6 C0A0 Θµ(100B(P ))
and ∑
S∈D:Q⊂S⊂P
Θµ(100B(S)) 6 cΘµ(100B(P )), c = c(C0, A0).
We will assume that all implicit constants in the inequalities that follow may
depend on C0 and A0. Moreover, we will assume that C0 and A0 are some big fixed
constants so that the results stated in the lemmas below hold.
7. Balanced cubes and control on beta numbers through
permutations
We first recall the properties of the so called balanced balls introduced in [AT].
Lemma 5 (Lemma 3.3 and Remark 3.2 in [AT]). Let µ be a measure and consider
the dyadic lattice D associated with µ from Lemma 1. Let 0 < γ < 1 be small enough
(with respect to some absolute constant), then there exist ρ′ = ρ′(γ) > 0 and ρ′′ =
ρ′′(γ) > 0 such that one of the following alternatives holds for every Q ∈ Ddb:
(a) There are balls Bk = B(ξk, ρ
′ r(Q)), k = 1, 2, where ξ1, ξ2 ∈ B(Q), such that
µ (Bk ∩B(Q)) > ρ′′ µ(Q), k = 1, 2,
and for any yk ∈ Bk ∩Q, k = 1, 2,
dist(y1, y2) > γ r(BQ).
(b) There exists a family of pairwise disjoint cubes {P}P∈IQ ⊂ Ddb(Q) so that
diam(P ) & γ diam(Q) and Θµ(2BP ) & γ−1 Θµ(2BQ) for each P ∈ IQ, and
(7.1)
∑
P∈IQ
Θµ(2BP )
2 µ(P ) & γ−2 Θµ(2BQ)2 µ(Q).
Let us mention that the densities in the latter inequality in the original Lemma 3.3
in [AT] are not squared. However, a slight variation of the proof of [AT, Lemma 3.3]
gives (7.1) as stated.
Moreover, notice that in Lemma 5 the cubes Q and P , with P ∈ IQ, are doubling.
If the alternative (a) holds for a doubling cube Q with some γ, ρ′(γ) and ρ′′(γ),
then the corresponding ball B(Q) is called γ-balanced. Otherwise, it is called γ-
unbalanced. If B(Q) is γ-balanced, then the cube Q is also called γ-balanced.
We are going to show now that the beta numbers βµ,2(2BQ) (see (2.7)) for
γ-balanced cubes Q are controlled by a truncated version of the permutations
p0(µb2BQ). To do so, we introduce some additional notation.
Given two distinct points z, w ∈ C, we denote by Lz,w the line passing through z
and w. Given three pairwise distinct points z1, z2, z3 ∈ C, we denote by ](z1, z2, z3)
the smallest angle formed by the lines Lz1,z2 and Lz1,z3 and belonging to [0, pi/2].
If L and L′ are lines, let ](L,L′) be the smallest angle between them. This angle
belongs to [0, pi/2], too. Also, we set θV (L) = ](L, V ), where V is the vertical line.
First we recall the following result of Chousionis and Prat [CP]. We say that a
triple (z1, z2, z3) ∈ C3 is in the class VFar(θ) if it satisfies
(7.2) θV (Lz1,z2) + θV (Lz1,z3) + θV (Lz2,z3) > θ > 0.
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Lemma 6 (Proposition 3.3 in [CP]). If (z1, z2, z3) ∈ VFar(θ), then
(7.3) p0(z1, z2, z3) > c1(θ) · p∞(z1, z2, z3), where 0 < c1(θ) 6 2.
Note that the inequality c1(θ) 6 2 follows from (2.6) that was proved in [CMT].
For measures µ1, µ2 and µ3 and a cube Q we set
p
[δ,Q]
0 (µ1, µ2, µ3) :=
∫∫∫
δr(Q)6|z1−z2|6δ−1r(Q)
p0(z1, z2, z3) dµ1(z1)dµ2(z2)dµ3(z3).
The parameter δ > 0 will be chosen later to be small enough for our purposes. If
µ1 = µ2 = µ3 = µ, then we write p
[δ,Q]
0 (µ) instead of p
[δ,Q]
0 (µ, µ, µ), for short.
Now we are ready to state the above mentioned estimate of βµ,2(2BQ) for γ-
balanced cubes Q via the truncated version of p0(µb2BQ). Pay attention that the
first term in the estimate is a “non-summable” part which makes a big difference
with the case of curvature or p∞ (see Section 15).
Lemma 7. If Q is γ-balanced, then for any ε ∈ (0, 1),
(7.4) βµ,2(2BQ)
2Θµ(2BQ) 6 4ε2Θµ(2BQ)2 + C(ε, γ)
p
[δ,Q]
0 (µb2BQ)
µ(Q)
, 0 < δ 6 γ.
Moreover, for any ε0 > 0, there exist ε = ε(ε0) > 0 and ε˜ = ε˜(ε0, γ) > 0 such that if
(7.5)
p
[δ,Q]
0 (µb2BQ)
Θµ(2BQ)2µ(Q)
6 ε˜,
then
βµ,2(2BQ)
2 6 ε20Θµ(2BQ).
Proof. By Lemma 5, there exist ballsBk = B(ξk, ρ
′ r(Q)), k = 1, 2, where ξk ∈ B(Q),
such that µ(Bk ∩ B(Q)) > ρ′′µ(Q) and dist(y1, y2) > γr(BQ) for any yk ∈ Bk ∩ Q,
k = 1, 2. From (2.7) it follows that
βµ,2(2BQ)
2 6 1
2r(BQ)
∫
2BQ
(
dist(w,Ly1,y2)
2r(BQ)
)2
dµ(w).
We separate triples (w, y1, y2) that are in and not in VFar(ε). Clearly,
dist(w,Ly1,y2) 6 diam(2BQ) sin ε 6 4 ε r(BQ) if (w, y1, y2) /∈ VFar(ε).
Thus
βµ,2(2BQ)
2
6 4ε
2
2r(BQ)
∫
2BQ
dµ(w) +
1
2r(BQ)
∫
2BQ, (w,y1,y2)∈VFar(ε)
(
dist(w,Ly1,y2)
2r(BQ)
)2
dµ(w)
6 4ε2Θµ(2BQ) + 8r(BQ)
∫
2BQ, (w,y1,y2)∈VFar(ε)
(
2 dist(w,Ly1,y2)
|w − y1||w − y2|
)2
dµ(w)
= 4ε2Θµ(2BQ) + 8r(BQ)
∫
2BQ, (w,y1,y2)∈VFar(ε)
c(w, y1, y2)
2dµ(w).
We used that |w − yk| 6 diam(2BQ) = 4r(BQ) as w, y1, y2 ∈ 2BQ and that
c(w, y1, y2) =
2 dist(w,Ly1,y2)
|w − y1||w − y2| .
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Recall that r(BQ) = 28r(Q) by definition. By (2.3) and (7.3),∫
2BQ, (w,y1,y2)∈VFar(ε)
c(w, y1, y2)
2dµ(w)
6 2
c1(ε)
∫
2BQ, (w,y1,y2)∈VFar(ε)
p0(w, y1, y2)dµ(w).
Recall that |y1− y2| > γr(Q) for any yk ∈ Bk ∩Q, k = 1, 2. Furthermore, for any
δ such that 0 < δ 6 γ we can find y1 ∈ B1 and y2 ∈ B2 so that∫
2BQ
p0(w, y1, y2)dµ(w) 6
p
[δ,Q]
0 (µb2BQ)
µ(B1)µ(B2)
6 p
[δ,Q]
0 (µb2BQ)
(ρ′′)2µ(Q)2
.
By (6.1) and the fact that E ∩B(Q) ⊂ Q, we deduce that
µ(Q) > C−10 µ(100B(Q)) > C−10 µ(56B(Q)) = C−10 µ(2BQ).
Consequently,
βµ,2(2BQ)
2 6 4ε2Θµ(2BQ) +
16r(BQ)p
[δ,Q]
0 (µb2BQ)
c1(ε)(ρ′′)2µ(Q)C−10 µ(2BQ)
= 4ε2Θµ(2BQ) + C(ε, γ)
p
[δ,Q]
0 (µb2BQ)
Θµ(2BQ)µ(Q)
.
Multiplying both sides by Θµ(2BQ) finishes the proof of (7.4). Note that ρ
′′ = ρ′′(γ).
Let us prove the second statement. By the assumption (7.5),
βµ,2(2BQ)
2 6 (4ε2 + C(ε, γ)ε˜)Θµ(2BQ).
For any ε0 > 0, we put ε =
√
2
4
ε0 and choose ε˜ so that ε˜ 6 12ε20/C(ε, γ). 
8. Parameters and thresholds
Recall that we work everywhere with the David-Mattila dyadic lattice D associ-
ated with the measure µ.
In what follows we will use many parameters and thresholds. Some of them
depend on each other, some are independent. Let us give a list of the parameters:
• τ is the threshold for cubes with low density:
0 < τ  1.
• A is the threshold for cubes with high density:
0 < A−1 6 τ 2  1, i.e. A 1.
• θ0 is the threshold for the angle between best approximating lines associated
to some cubes:
0 < θ0  1.
• γ is the parameter controlling unbalanced cubes:
0 < γ 6 τ 3  1.
• ε0 is the threshold controlling the β2,µ-numbers:
0 < ε0 = ε0(γ, τ, A, θ0) 1.
• α is the threshold controlling permutations of intermediate cubes:
0 < α = α(τ, A, ε0, γ, θ0) 1.
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• δ is the parameter controlling the truncation of permutations:
0 < δ = δ(γ, ε0, τ, A) 1.
All the parameters and thresholds are supposed to be chosen (and fixed at the
very end) so that the forthcoming results hold true. In what follows, we will again
indicate step by step how the choice should be made.
9. Stopping cubes and trees
9.1. Stopping cubes. Let R ∈ Ddb. We use the parameters and thresholds given
in Section 8. We denote by Stop(R) the family of the maximal cubes Q ⊂ R for
which one of the following holds:
(S1) Q ∈ HD(R) ∪ LD(R) ∪ UB(R), where
• HD(R) is the family of high density doubling cubes Q ∈ Ddb satisfying
Θµ(2BQ) > AΘµ(2BR);
• LD(R) is the family of low density cubes Q satisfying
Θµ(2BQ) < τ Θµ(2BR);
• UB(R) is the family of unbalanced cubes Q ∈ Ddb \ (HD(R) ∪ LD(R))
such that Q is γ-unbalanced;
(S2) Q ∈ BP(R) (“big permutations”), meaning Q /∈ HD(R)∪LD(R)∪UB(R) and
∑
Q⊂Q˜⊂R
perm(Q˜)2 > α2, perm(Q˜)2 :=
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR)
Θµ(2BR)2µ(Q˜)
.
(S3) Q ∈ BS(R) (“big slope”), meaning Q /∈ HD(R) ∪ LD(R) ∪ UB(R) ∪ BP(R)
and Q ∈ Ddb so that
](LQ, LR) > θ(R),
where θ(R) depends on some geometric properties of R and is comparable
with the parameter θ0 > 0 mentioned in Section 8. The more precise de-
scription will be given in Section 13.
(S4) Q ∈ F(R) (“big part of Q is far from best approximating lines for the doubling
ancestors of Q”), meaning Q /∈ HD(R) ∪ LD(R) ∪ UB(R) ∪ BP(R) ∪ BS(R)
and
µ(Q \ 2BClQ ) >
√
αµ(Q),
where
2BClQ := {x ∈ R ∩ 2BQ : dist(x, LQ˜) 6 5
√
ε0 r(BQ˜) ∀Q˜ ∈ Ddb(R) :
2BQ ⊂ 2BQ˜ and Q˜ is not contained in any cube from
HD(R) ∪ LD(R) ∪ UB(R) ∪ BP(R) ∪ BS(R)}.
(9.1)
Let Tree(R) be the subfamily of the cubes from D(R) which are not strictly con-
tained in any cube from Stop(R). We also set
DbTree(R) := Ddb ∩ (Tree(R) \ Stop(R)).
Note that all cubes in Stop(R) are disjoint.
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Remark 4. It may happen that Stop(R) is empty. In this case there is no need to
estimate the measure of stopping cubes and we may immediately go to Section 11. In
the lemmas below related to estimating the measure of stopping cubes we naturally
suppose that Stop(R) is not empty.
Generally speaking it is possible that R ∈ Stop(R) (and then DbTree(R) is empty).
Clearly, R /∈ HD(R) ∪ LD(R) ∪ BS(R) by definition but it may occur that R ∈
UB(R) ∪ BP(R) ∪ F(R). Firstly, we will not work with the family UB(R) before
Section 14 so we may assume before that section that R /∈ UB(R). Secondly, if
R ∈ BP(R), then we may directly go to Lemma 14 and use the same estimate for
the measure of stopping cubes from BP(R). Thirdly, it will follow from Lemmas 12
and 13 (see Remark 5) that if R /∈ UB(R) ∪ BP(R), then R /∈ F(R), i.e. the case
R ∈ F(R) may be skipped.
It is also worth mentioning that if R ∈ Stop(R), then the Lipschitz function
mentioned in Section 5 may be chosen identically zero and its graph is just LR.
9.2. Properties of cubes in trees. Below, we will collect main properties of cubes
from Tree(R) that readily follow from the stopping conditions. Before it we prove
an additional result.
Lemma 8. For any Q ∈ Tree(R), we have
Θµ(2BQ) . AΘµ(2BR).
The implicit constant depends only on C0 and A0.
Proof. Let Q ∈ Tree(R). If Q ∈ Ddb, then there is nothing to prove. If not, then
denote by Q˜ ∈ Ddb the first doubling ancestor of Q. Such a cube Q˜ exists and Q˜ ⊂ R
because R ∈ Ddb by construction. Since the intermediate cubes P , Q ( P ( Q˜, do
not belong to Ddb, by Lemma 4 we have
Θµ(2BQ) . Θµ(100B(Q)) . C0A0Θµ(100B(Q˜)).
Using that Q˜ ∈ Ddb, namely, the inequality (6.2), we get
Θµ(2BQ) . C20A0 Θµ(2BQ˜) . C20A0AΘµ(2BR),
and we are done. 
Lemma 9. The following properties hold:
(9.2) τ Θµ(2BR) 6 Θµ(2BQ) . AΘµ(2BR), ∀Q ∈ Tree(R) \ (LD(R) ∪ HD(R)).
(9.3) Q ∈ Ddb ∩ (Tree(R) \ (HD(R) ∪ LD(R) ∪ UB(R))) =⇒ Q is γ-balanced.
(9.4)
∑
Q⊂Q˜⊂R
perm(Q˜)2 < α2 ∀Q ∈ Tree(R) \ (HD(R)∪ LD(R)∪UB(R)∪BP(R)).
βµ,2(2BQ)
2 6 ε20Θµ(2BQ) if α = α(γ, τ, ε0) is small enough and
Q ∈ Ddb ∩ (Tree(R) \ (HD(R) ∪ LD(R) ∪ UB(R) ∪ BP(R))).(9.5)
(9.6) ](LQ, LR) 6 θ(R) ∀Q ∈ DbTree(R).
(9.7) µ(Q \ 2BClQ ) 6
√
αµ(Q) ∀Q ∈ Tree(R) \ Stop(R).
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Proof. The statement (9.2) follows from Lemma 8 and the stopping condition (S1).
The statements (9.3), (9.4), (9.6) and (9.7) immediately follow from the construc-
tion of Stop(R) and Tree(R), while (9.5) is implied by Lemma 7 and the stopping
conditions (S1) and (S2). 
The following property of γ-balanced cubes will be used many times below.
Lemma 10. Let ε0 = ε0(γ) be chosen small enough. Then for any Q ∈ Ddb ∩
(Tree(R)\ (HD(R)∪LD(R)∪UB(R)∪BP(R))) there exist two sets Zk ⊂ Q, k = 1, 2,
such that
µ(Q) .γ µ(Zk) 6 µ(Q) and dist(Z1,Z2) > γr(BQ),
and moreover for any z1 ∈ Z1 and z2 ∈ Z2 we have
distH(Lz1,z2 ∩ 2BQ, LQ ∩ 2BQ) 6
√
ε0 r(BQ).
Proof. Since Q ∈ Ddb ∩ (Tree(R) \ (HD(R) ∪ LD(R) ∪ UB(R))), Q is γ-balanced by
(9.3). Furthermore, by Lemma 5 there exist balls Bk = B(ξk, ρ
′r(Q)), k = 1, 2,
where ξk ∈ B(Q), such that
µ(Bk ∩B(Q)) > ρ′′µ(Q) and dist(y1, y2) > γr(BQ) for any yk ∈ Bk, k = 1, 2,
where ρ′ and ρ′′ depend on γ. Due to the estimate βµ,2(2BQ)2 6 ε20Θµ(2BQ) (see
(9.5)), by Chebyshev’s inequality there exist Zk ⊂ Bk ∩Q such that
µ(Q) .γ µ(Bk) . µ(Zk) 6 µ(Q) and sup
z∈Zk
dist(z, LQ) .γ ε0 r(BQ), k = 1, 2.
Thus for any z1 ∈ Z1 and z2 ∈ Z2 we have
dist(zk, LQ) .γ ε0 r(BQ), k = 1, 2, dist(z1, z2) &γ r(BQ).
This implies that ](Lz1,z2 , LQ) .γ ε0 and therefore the following estimate for the
Hausdorff distance holds:
distH(Lz1,z2 ∩ 2BQ, LQ ∩ 2BQ) .γ ε0 r(BQ).
Choosing ε0 small enough with respect to the implicit constant depending on γ, we
obtain the required result. 
Clearly, it may happen that not all cubes in Tree(R) are γ-balanced as there may
be undoubling cubes. However, for any cube in Tree(R), there is always an ancestor
in DbTree(R) close by. Namely, the following result holds.
Lemma 11 (Lemma 6.3 in [AT]). For any cube Q ∈ Tree(R) there exists a cube
Q˜ ⊃ Q such that Q˜ ∈ DbTree(R) and diam(Q˜) 6 λ diam(Q) with some λ = λ(A, τ).
Now we want to show that the measure of the set of points from R which are far
from the best approximation lines for cubes in {R} ∪ (Tree(R) \ Stop(R)) is small.
Set
p
[δ,Q]
0 (x, µ, µ) :=
∫∫
δr(Q)6|x−y|6δ−1r(Q)
p0(x, y, z) dµ(y)dµ(z)
and consider
RFar := {x ∈ R : p
[δ,Q]
0 (x, µb2BR, µb2BR)
Θµ(2BR)2
> c2(γ, τ, ε0)
for some Q ∈ {R} ∪ (Tree(R) \ Stop(R)) such that x ∈ 2BQ},
where c2(γ, τ, ε0) > 0 will be defined precisely in the proof of Lemma 13.
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Lemma 12. If R /∈ UB(R) ∪ BP(R) and α = α(γ, τ, ε0) is chosen small enough,
then
µ(RFar) 6 αµ(R).
Proof. By Chebyshev’s inequality,
c2(γ, τ, ε0)µ(RFar)
6
∫
R
∑
Q∈{R}∪(Tree(R)\Stop(R)):x∈2BQ
p
[δ,Q]
0 (x, µb2BR, µb2BR)
Θµ(2BR)2
dµ(x)
6
∑
Q∈{R}∪(Tree(R)\Stop(R))
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
Θµ(2BR)2
=
∑
Q∈{R}∪(Tree(R)\Stop(R))
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
Θµ(2BR)2µ(Q)
∫
χQ(x) dµ(x).
Changing the order of summation yields
c2(γ, τ, ε0)µ(RFar)
6
∫
R
 p[δ,R]0 (µb2BR)
Θµ(2BR)2µ(R)
+
∑
Q∈Tree(R)\Stop(R):x∈Q
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
Θµ(2BR)2µ(Q)
 dµ(x)
6
∫
R
perm(R)2 + ∑
Q∈Tree(R)\Stop(R):x∈Q
perm(Q)2
 dµ(x)
6 2α2 µ(R).
Supposing that 2α 6 c2(γ, τ, ε0) gives the required result. 
Recall the definition (9.1).
Lemma 13. Let δ = δ(ε0) be chosen small enough. If x ∈ (R∩2BQ˜)\2BClQ˜ for some
Q˜ ∈ Tree(R), i.e. in particular there exists Q ∈ Ddb(R) such that 2BQ ⊃ 2BQ˜ and
Q is not contained in any cube from HD(R)∪LD(R)∪UB(R)∪BP(R)∪BS(R), then
x ∈ RFar.
Proof. Clearly, x ∈ 2BQ and Q ∈ Ddb∩(Tree(R)\(HD(R)∪LD(R)∪UB(R)∪BP(R))).
Therefore, by Lemma 10 we can find Zk ⊂ Q, k = 1, 2, such that for any z1 ∈ Z1
and z2 ∈ Z2 we have
distH(Lz1,z2 ∩ 2BQ, LQ ∩ 2BQ) 6
√
ε0 r(BQ).
Consider triangle (x, z1, z2) which is wholly contained in 2BQ. It is easily seen that
(9.8) dist(x, Lz1,z2) > dist(x, LQ)− distH(Lz1,z2 ∩ 2BQ, LQ ∩ 2BQ) > 4
√
ε0 r(BQ).
This implies that one of the angle of the triangle (x, z1, z2) is at least
4
√
ε0 r(BQ)
diam(2BQ)
=
√
ε0,
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and thus (x, z1, z2) ∈ VFar(√ε0) for any z1 ∈ Z1 and z2 ∈ Z2. Note also that (9.8)
implies that |x− z1| > δr(Q) if δ = δ(ε0) is chosen small enough. Consequently, by
the identity (2.3) and Lemma 6,
p
[δ,Q]
0 (x, µb2BR, µb2BR) >
∫∫
z1∈Z1, z2∈Z2
p0(x, z1, z2) dµ(z1)dµ(z2)
> 1
2
c1(
√
ε0)
∫∫
z1∈Z1, z2∈Z2
c(x, z1, z2)
2 dµ(z1)dµ(z2)
= 1
2
c1(
√
ε0)
∫∫
z1∈Z1, z2∈Z2
(
2 dist(x, Lz1,z2)
|x− z1||x− z2|
)2
dµ(z1)dµ(z2),
where the constant c1 is from Lemma 6. Furthermore, we apply (9.8) and the fact
that |x− zk| 6 diam(2BQ) = 4r(BQ) for k = 1, 2 to obtain the following:
p
[δ,Q]
0 (x, µb2BR, µb2BR) >
ε0 c1(
√
ε0)
8r(BQ)2
µ(Z1)µ(Z2).
Since µ(Zk) &γ µ(Q) by Lemma 10, µ(Q) & µ(2BQ) as Q ∈ Ddb and Θµ(2BQ) >
τΘµ(2BR) by (9.2), we finally get
p
[δ,Q]
0 (x, µb2BR, µb2BR) &γ ε0 c1(
√
ε0) τ
2Θµ(2BR)
2 = c2(γ, τ, ε0) Θµ(2BR)
2.
Consequently, x ∈ RFar by definition. 
Remark 5. Suppose that R ∈ F(R) and thus µ(R \ 2BClR ) >
√
αµ(R) by definition.
Then it is clear that R /∈ UB(R) ∪ BP(R) (and furthermore R /∈ HD(R) ∪ LD(R) ∪
BS(R), see Remark 4) and so µ(RFar) 6 αµ(R) by Lemma 12. Furthermore, R \
2BClR ⊂ RFar by Lemma 13 (where one takes R for both Q and Q˜) and thus µ(R \
2BClR ) 6 αµ(R) which contradicts the fact that R ∈ F(R) as α 1.
10. Measure of stopping cubes from BP(R) and F(R)
Lemma 14. It holds that∑
Q∈BP(R)
µ(Q) 6 1
α2 Θµ(2BR)2
∑
Q˜∈Tree(R)
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR).
What is more, if α = α(τ) is small enough, then∑
Q∈F(R)
µ(Q) 6
√
αµ(R) 6 1
3
√
τ µ(R).
Proof. All the cubes in Stop(R) are disjoint and so are the cubes in BP(R) and F(R).
From (S3) we get∑
Q∈BP(R)
µ(Q) 6 1
α2
∑
Q∈BP(R)
∑
Q⊂Q˜⊂R
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR)
Θµ(2BR)2µ(Q˜)
µ(Q)
=
1
α2 Θµ(2BR)2
∑
Q˜∈Tree(R)
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR)
∑
Q∈BP(R):Q⊂Q˜
µ(Q)
µ(Q˜)
6 1
α2 Θµ(2BR)2
∑
Q˜∈Tree(R)
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR).
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By (S4) and Lemmas 12 and 13, we obtain∑
Q∈F(R)
µ(Q) 6 1√
α
∑
Q∈F(R)
µ(Q \ 2BClQ ) 6
1√
α
µ(RFar) 6
√
αµ(R),
which finishes the proof. 
11. Construction of a Lipschitz function
We aim to construct a Lipschitz function F : LR → L⊥R whose graph ΓR is close
to R up to the scale of cubes from Stop(R). We will mostly use the properties
mentioned in Lemma 9. This task is quite technical and so we start with a bunch
of auxiliary results. Note that, although we follow some of the methods from [L]
and [T3, Chapter 7] quite closely, we need to adapt the whole construction to the
David-Mattila lattice used in the current chapter (instead of the balls with controlled
density used in [L] and [T3]).
Let us mention again that we may suppose that R /∈ Stop(R) as otherwise we
choose F ≡ 0 and the graph ΓR of F is just LR.
11.1. Auxiliary results. As before, we denote by LQ a best approximating line for
the ball 2BQ in the sense of the beta numbers (2.7). We need now to estimate the
angles between the best approximating lines corresponding to cubes that are near
each other. This task is carried out in the next two lemmas. The first one is a well
known result from [DS1, Section 5]. We formulate it for lines in the complex plane.
Lemma 15 ([DS1]). Let L1, L2 ⊂ C be lines and z1, z2 ∈ Z ⊂ C be points so that
(a) d1 = dist(z1, z2)/ diam(Z) ∈ (0, 1),
(b) dist(zi, Lj) < d2 diam(Z) for i = 1, 2 and j = 1, 2, where d2 < d1/4.
Then for any z ∈ L2,
(11.1) dist(z, L1) 6 d2
(
4
d1
dist(z, Z) + diam(Z)
)
.
We will use the preceding lemma to prove the following result.
Lemma 16. Let ε0 = ε0(γ) be chosen small enough. If Q1, Q2 ∈ DbTree(R) are
such that r(Q1) ≈ r(Q2) and dist(Q1, Q2) . r(Qj) for j = 1, 2, then
dist(w,LQ2) .
√
ε0 ( dist(w,Q1) + r(Q1)), w ∈ LQ1 ,(11.2)
dist(w,LQ1) .
√
ε0 ( dist(w,Q2) + r(Q2)), w ∈ LQ2 ,(11.3)
](LQ1 , LQ2) .
√
ε0.(11.4)
Proof. Let Q ∈ DbTree(R) be the smallest cube such that 2BQ ⊃ BQ1∩BQ2 . Clearly,
r(Q) & r(Qj), j = 1, 2. Moreover, we can also guarantee that
r(Q) . dist(Q1, Q2) +
2∑
j=1
r(Qj) . r(Qj).
Now we use arguments similar to those in Lemma 10. Since Qj ∈ DbTree(R) for
j = 1, 2, by (9.3) and Lemma 5 there are balls Bk,j = B(ξk,j, ρ
′ r(Qj)), k = 1, 2,
where ξk,j ∈ B(Qj), such that µ(Bk,j ∩ B(Qj)) > ρ′′µ(Qj) and dist(y1,j, y2,j) >
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γr(BQj) > γr(Qj) for all yk,j ∈ Bk,j ∩ Qj, where ρ′ and ρ′′ depend on γ. Conse-
quently, by (9.5) and the fact that r(Bk,j) ≈γ r(Qj) we get
1
r(Bk,j)
∫
Bk,j
(
dist(w,LQj)
r(Bk,j)
)2
dµ(w) .γ βµ,2(2BQj)2 .γ ε20 Θµ(2BQj).
Since r(Q) ≈ r(Qj), we analogously obtain
1
r(Bk,j)
∫
Bk,j
(
dist(w,LQ)
r(Bk,j)
)2
dµ(w) .γ βµ,2(2BQ)2 .γ ε20 Θµ(2BQ).
Therefore, using Chebyshev’s inequality and again the relation r(Q) ≈ r(Qj), we
can find zk,j ∈ Bk,j ∩Qj such that
max{ dist(zk,j, LQj), dist(zk,j, LQ)} .γ ε0 r(Q).
Since dist(z1,j, z2,j) > γr(Qj) & γr(Q), it follows by Lemma 15 that
dist(w,LQ) .γ ε0( dist(w,Qj) + r(Qj)) for all w ∈ LQj , j = 1, 2,
and
dist(w,LQj) .γ ε0( dist(w,Qj) + r(Qj)) for all w ∈ LQ, j = 1, 2.
From this, by the triangle inequality, choosing ε0 small enough with respect to the
implicit constant depending on γ, we obtain (11.2) and (11.3).
The inequality (11.4) follows from (11.2) and (11.3) by elementary geometry. 
Lemma 17. Let α = α(γ) and ε0 = ε0(γ) be chosen small enough. If Q1, Q2 ∈
DbTree(R) are such that 2BQ1 ⊂ 2BQ2 and x ∈ LQ1 ∩ 2BQ1, then
dist(x, LQ2) . ε
1/3
0 r(Q2).
Proof. By Lemma 5 there exists a family of balls Bk = B(ξk, ρ
′ r(Q1)), where ξk ∈
B(Q1), such that µ(Bk∩B(Q1)) > ρ′′µ(Q1) and dist(y1, y2) > γr(BQ1) > γr(Q1) for
any yk ∈ Bk∩Q1, k = 1, 2. Recall that ρ′ and ρ′′ depend on γ. Furthermore, we can
choose α = α(γ) in (9.7) small enough to guarantee that Bk ∩ B(Q1) ∩ 2BClQ1 6= ∅.
This and the definition of 2BClQ1 imply that there exist zk ∈ Bk ∩ B(Q1) ∩ 2BClQ1 ,
k = 1, 2, such that
dist(zk, LQj) .
√
ε0 r(Qj), k = 1, 2, j = 1, 2.
Let z′k be the orthogonal projection of zk onto LQ1 . We easily get from the previous
inequality that
(11.5) dist(z′k, LQ2) .
√
ε0 r(Q2), k = 1, 2.
Moreover, dist(z1, z2) &γ r(Q1) implies that dist(z′1, z′2) &γ r(Q1) and z′k ∈ 2BQ1 ,
if ε0 = ε0(γ) is small enough. Having this and (11.5) in mind and taking into
account that x ∈ LQ1 ∩ 2BQ1 , by elementary geometry we get the required estimate
for dist(x, LQ2), assuming again that ε0 = ε0(γ) is small enough. 
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11.2. Lipschitz function F for the good part of R. For each given R ∈ Ddb,
we first construct the required function F on the projection of the “good part” of
R onto LR and then extend it onto the whole LR. In what follows, we will work a
lot with the function
(11.6) d(z) := inf
Q∈DbTree(R)
{ dist(z,Q) + diam(Q)}, z ∈ C.
Let us mention that θ(R) is supposed to be comparable with the parameter θ0,
i.e. θ(R) ≈ θ0, where the implicit constants will be defined in Section 13.
Lemma 18. Let ε0 = ε0(τ, A, θ0) and θ0 be small enough. For any z1, z2 ∈ cBR we
have
|Π⊥(z1)− Π⊥(z2)| . θ(R)|Π(z1)− Π(z2)|+ c(τ, A) (d(z1) + d(z2)) ,
where Π(z) and Π⊥(z) are the projections of z onto LR and L⊥R, correspondingly,
and c(τ, A) > 0.
Proof. Everywhere in the proof k = 1, 2. For a fixed h > 0 and any zk ∈ cBR one
can always find Qk ∈ DbTree(R) such that
dist(zk, Qk) + diam(Qk) 6 d(zk) + h, k = 1, 2.
Choose z′k ∈ Qk. Clearly, |zk − z′k| 6 d(zk) + h.
Let Q˜k ∈ DbTree(R) be the smallest cube such that 2BQ˜k ⊃ BQk and
r(Q˜k) ≈τ,A ε0|z1 − z2|+
∑
k
diam(Qk).
Now let Q˜ ∈ DbTree(R) be the smallest cube such that 2BQ˜ ⊃ BQ˜1 ∪BQ˜2 and
r(Q˜) ≈τ,A |z1 − z2|+
∑
k
diam(Qk).
Note that |z1−z2| . r(R) as zk ∈ cBR and thus the cubes Q˜k and Q˜ are well defined.
Furthermore, we easily get that ε0 r(Q˜) .τ,A r(Q˜k). Consequently, the way how Q˜k
and Q˜ are chosen and the inequalities (9.2) and (9.5) in Lemma 9 imply that
1
µ(BQ˜k)
∫
BQ˜k
(
dist(w,LQ˜)
r(Q˜)
)2
dµ(w) .τ,A
r(Q˜) βµ,2(2BQ˜)
2
µ(2BQ˜k)
.τ,A ε20
r(Q˜)Θµ(2BQ˜)
µ(2BQ˜k)
.τ,A ε0
Θµ(2BQ˜)
Θµ(2BQ˜k)
.τ,A ε0 . ε3/40 ,
if ε0 = ε0(τ, A) is chosen properly. Recall again that r(BQ) = 28r(Q) by definition.
From the inequality just obtained we deduce by Chebyshev’s inequality that there
exist z′′k ∈ R ∩BQ˜k , k = 1, 2, such that
|z′′k − pi(z′′k)| . ε3/80 r(Q˜) . 4
√
ε0
(
|z1 − z2|+
∑
k
diam(Qk)
)
,
where pi(z′′k) stands for the orthogonal projection of z
′′
k onto LQ˜ and ε0 = ε0(τ, A) is
small enough. Note also that
|z′k − z′′k | . r(Q˜k) . 4
√
ε0|z1 − z2|+ c(τ, A)
∑
k
diam(Qk),
if ε0 = ε0(τ, A) is small enough. Summarizing, we obtain the inequality
|z′k − pi(z′′k)| 6 |z′k − z′′k |+ |z′′k − pi(z′′k)| . 4
√
ε0|z1 − z2|+ c(τ, A)
∑
k
diam(Qk).
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Furthermore, the triangle inequality yields
|Π⊥(z′1)− Π⊥(z′2)| 6 |Π⊥(pi(z′′1 ))− Π⊥(pi(z′′2 ))|+
∑
k
|Π⊥(z′k)− Π⊥(pi(z′′k))|
6 |Π⊥(pi(z′′1 ))− Π⊥(pi(z′′2 ))|+
∑
k
|z′k − pi(z′′k)|,
and therefore we immediately obtain
|Π⊥(z′1)−Π⊥(z′2)| . |Π⊥(pi(z′′1 ))−Π⊥(pi(z′′2 ))|+ 4
√
ε0|z1−z2|+c(τ, A)
∑
k
diam(Qk).
From (9.6) in Lemma 9 applied to Q˜ and the triangle inequality we deduce that
|Π⊥(pi(z′′1 ))− Π⊥(pi(z′′2 ))|
. θ(R)|Π(pi(z′′1 ))− Π(pi(z′′2 ))|
. θ(R)
(
|Π(z1)− Π(z2)|+
∑
k
|Π(zk)− Π(pi(z′′k))|
)
. θ(R)
(
|Π(z1)− Π(z2)|+
∑
k
|zk − pi(z′′k)|
)
. θ(R)
(
|Π(z1)− Π(z2)|+
∑
k
(|zk − z′k|+ |z′k − pi(z′′k)|)
)
.
Recall the estimates for |zk − z′k| and |z′k − pi(z′′k)| and take into account that
diam(Qk) 6 d(zk) + h and that ε0 and θ0 (and thus θ(R)) are small. Consequently,
|Π⊥(z′1)− Π⊥(z′2)| . θ(R)|Π(z1)− Π(z2)|+ 4
√
ε0|z1 − z2|+ c(τ, A)
∑
k
(d(zk) + h).
Additionally, the triangle inequality and the estimate for |zk − z′k| lead to
|Π⊥(z1)− Π⊥(z2)| 6 |Π⊥(z′1)− Π⊥(z′2)|+
∑
k
(d(zk) + h),
and thus
|Π⊥(z1)− Π⊥(z2)| . θ(R)|Π(z1)− Π(z2)|+ 4√ε0|z1 − z2|+ c(τ, A)
∑
k
(d(zk) + h).
Take into account that |z1 − z2| 6 |Π(z1) − Π(z2)| + |Π⊥(z1) − Π⊥(z2)| and choose
ε0 small enough with respect to θ0 (and thus to θ(R)) and to the implicit absolute
constant in the latter inequality. Finally,
|Π⊥(z1)− Π⊥(z2)| . θ(R)|Π(z1)− Π(z2)|+ c(τ, A)
∑
k
(d(zk) + h).
Letting h→ 0 finishes the proof. 
We will also use the following notation:
(11.7) GR = {x ∈ C : d(x) = 0}.
Lemma 18 implies that the map Π : GR → LR is injective and we can define the
function F on Π(GR) by setting
(11.8) F (Π(x)) = Π⊥(x), x ∈ GR.
Moreover, this F is Lipschitz with constant . θ(R).
We are now aimed to extend F onto the whole line LR using a variant of the
Whitney extension theorem. This approach is quite standard and is used, for exam-
ple, in [DS1, Section 8], [L, Section 3.2] and [T3, Section 7.5]. Therefore we will skip
some details and mostly give the results related to the adaptation of the scheme to
the David-Mattila lattice that we use. These results will then imply the extension
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of F onto the whole LR by repeating the “partition of unity” arguments presented
in [T3, Section 7.5].
Let us define the function
(11.9) D(z) := inf
x∈Π−1(z)
d(x) = inf
Q∈DbTree(R)
{ dist(z,Π(Q)) + diam(Q)}, z ∈ LR.
For each z ∈ LR such that D(z) > 0, i.e. z ∈ LR \ Π(GR), we call Jz the largest
dyadic interval from LR containing z such that
`(Jz) 6 120 infu∈JzD(u).
Let Ji, i ∈ I, be a relabelling of the set of all these intervals Jz, z ∈ LR \ Π(GR),
without repetition. Some properties of {Ji} are summarized in the following lemma.
Lemma 19 (Analogue of Lemma 7.20 in [T3]). The intervals in {Ji}i∈I have disjoint
interiors in LR and satisfy the properties:
(a) If z ∈ 15Ji, then 5`(Ji) 6 D(z) 6 50`(Ji).
(b) There exists an absolute constant c > 1 such that if 15Ji ∩ 15Ji′ 6= ∅, then
c−1`(Ji) 6 `(Ji′) 6 c `(Ji).
(c) For each i ∈ I, there are at most N intervals Ji′ such that 15Ji ∩ 15Ji′ 6= ∅,
where N is some absolute constant.
(d) LR \ Π(GR) =
⋃
i∈I Ji =
⋃
i∈I 15Ji.
Now we construct the function F on
U0 = LR ∩B0, B0 = B(Π(x0), 10 diam(R)),
where x0 ∈ R is such that
dist(x0,Π(x0)) = dist(x0, LR) 6 diam(R).
This x0 exists due to the inequality (9.5) in Lemma 9. Note that by construction
(11.10) R ⊂ B(Π(x0), 2 diam(R)) and Π(R) ⊂ LR ∩B(Π(x0), 2 diam(R)).
We also define the following set of indexes:
I0 = {i ∈ I : Ji ∩ U0 6= ∅}.
Lemma 20. The following holds.
(a) If i ∈ I0, then `(Ji) 6 diam(R) and 3Ji ⊂ LR ∩B(Π(x0), 12 diam(R)).
(b) If Ji ∩B(Π(x0), 3 diam(R)) = ∅ (in particular if i /∈ I0), then
`(Ji) ≈ dist(Π(x0), Ji) ≈ |Π(x0)− z| for all z ∈ Ji.
Proof. For (a), take Ji with i ∈ I0 so that Ji ∩ U0 6= ∅. Then we have
3Ji ⊂ LR ∩B(Π(x0), 10 diam(R) + 2`(Ji)).
It is necessary to estimate `(Ji). Recall that
`(Ji) 6 120 infu∈JiD(u).
Definitely, infu∈Ji D(u) 6 maxu∈U0 D(u) in our case so we will estimate this max-
imum instead. To do so, we first notice that the definition (11.6) of d and the
inequality (11.10) give
d(x) 6 dist(x,R) + diam(R) 6 13 diam(R), x ∈ B0.
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This yields
max
u∈U0
D(u) 6 max
x∈B0
d(x) 6 13 diam(R),
if we take into account the connection between d and D in (11.9). Thus
`(Ji) 6 1320 diam(R)
and therefore
3Ji ⊂ LR ∩B(Π(x0), (10 + 1310) diam(R)).
Now let us prove (b). Let z ∈ Ji. Clearly, diam(R) 6 13 |Π(x0)− z|. Furthermore,
we infer from this and the definition (11.9) that
D(z) 6 (|Π(x0)− z|+ 2 diam(R)) + diam(R) 6 2|Π(x0)− z|.
From another side, by (11.9) and (11.10),
D(z) > dist(z,Π(R)) > |Π(x0)− z| − 2 diam(R) > 13 |Π(x0)− z|.
Thus
1
3
|Π(x0)− z| 6 D(z) 6 2|Π(x0)− z|, z ∈ Ji.
Together with Lemma 19(a) this gives
5
2
`(Ji) 6 |Π(x0)− z| 6 150`(Ji).
Moreover, since
|Π(x0)− z| − `(Ji) 6 dist(Π(x0), Ji) 6 |Π(x0)− z|, z ∈ Ji,
we get
3
2
`(Ji) 6 dist(Π(x0), Ji) 6 150`(Ji),
which finishes the proof. 
Lemma 21. Given i ∈ I0, there exists a cube Qi ∈ DbTree(R) such that
(a) `(Ji) . diam(Qi) .τ,A `(Ji);
(b) dist(Ji,Π(Qi)) . `(Ji).
Proof. From the definition (11.9) of D it follows that there exists a cube Q ∈
DbTree(R) such that
dist(z,Π(Q)) + diam(Q) 6 2D(z) ≈ `(Ji), z ∈ Ji,
where the comparability is due to Lemma 19(a). This immediately gives (b) and
the right hand side inequality in (a) for Qi = Q. If the left hand side inequality in
(a) does not hold, we can replace Q by its smallest doubling ancestor Q′ satisfying
diam(Q′) & `(Ji) so that all other inequalities are valid (recall Lemma 11). We
rename Q′ by Qi then. 
For i ∈ I0, let Fi be the affine function LR → L⊥R whose graph is the line LQi .
Moreover, Fi are Lipschitz functions with constant 6 θ(R) as ](LQi , LR) 6 θ(R) by
(9.6) in Lemma 9 taking into account that all Qi ∈ DbTree(R). On the other hand,
for i /∈ I0, we set Fi ≡ 0, i.e. the graph of Fi is just LR in this case.
Lemma 22. If 10Ji ∩ 10Ji′ 6= ∅ for some i, i′ ∈ I, then
(a) dist(Qi, Qi′) .τ,A `(Ji) if moreover i, i′ ∈ I0;
(b) |Fi(z)− Fi′(z)| . ε1/30 `(Ji) for z ∈ 100Ji;
(c) |F ′i − F ′i′| . ε1/30 .
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Proof. For i, i′ ∈ I0, Lemmas 19(b) and 21(b) ensure that `(Qi) ≈ `(Qi′) and
dist(Π(Qi),Π(Qi′))
6 dist(Π(Qi), Ji) + `(Ji) + dist(Ji, Ji′) + `(Ji′) + dist(Ji′ ,Π(Qi′))
. `(Ji).
Keeping this in mind, we continue. For any z1 ∈ Qi and z2 ∈ Qi′ by the triangle
inequality and Lemma 18 we have
dist(Qi, Qi′) 6 dist(z1, z2) 6 |Π⊥(z1)− Π⊥(z2)|+ |Π(z1)− Π(z2)|
. |Π(z1)− Π(z2)|+ c(τ, A)(d(z1) + d(z2)).
Since z1 ∈ Qi and z2 ∈ Qi′ , we have d(z1) 6 diam(Qi) and d(z2) 6 diam(Qi′).
Moreover, if z1 and z2 are chosen so that
|Π(z1)− Π(z2)| 6 2 dist(Π(Qi),Π(Qi′)),
then dist(Qi, Qi′) . dist(Π(Qi),Π(Qi′)) + diam(Qi) + diam(Qi′) .τ,A `(Ji) as in
(a).
For i, i′ ∈ I0 the properties (b) and (c) follow from (a) and Lemma 16. Indeed, in
this case
diam(Qi) ≈ diam(Qi′) ≈τ,A `(Ji) ≈ `(Ji′) and dist(Qi, Qi′) .τ,A `(Ji).
Taking into account that LQi and LQi′ are the graphs of Fi and Fi′ , correspondingly,
by Lemma 16 we have
|Fi(z)− Fi′(z)| .τ,A √ε0 `(Ji) . ε1/30 `(Ji), z ∈ 100Ji,
if ε0 = ε0(τ, A) is chosen small enough. Moreover, by the same lemma we have
](LQi , LQi′ ) .τ,A
√
ε0 and thus
|F ′i − F ′i′ | = | arctan](LQi , LR)− arctan](LQi′ , LR)|
= | arctan](LQi , LR)− arctan(](LQi , LR)± ](LQi , LQi′ ))|
. | arctan](LQi , LQi′ )|
.τ,A
√
ε0
. ε1/30 ,
if ε0 = ε0(τ, A) is small enough.
For i, i′ /∈ I0, Fi ≡ Fi′ ≡ 0, and so (b) and (c) are trivial.
Finally, let i ∈ I0 and i′ /∈ I0. From the assumption 10Ji ∩ 10Ji′ 6= ∅ and
Lemma 19(b) we know that `(Ji) ≈ `(Ji′). Moreover, by Lemma 20(a) we have
`(Ji) 6 diam(R) as i ∈ I0. From another side, by Lemma 20(b)
`(Ji′) ≈ dist(Π(x0), Ji′)
and additionally dist(Π(x0), Ji′) > 10 diam(R) as i′ /∈ I0, i.e. Ji′ ∩ U0 = ∅. From
all these facts we conclude that
`(Ji) ≈ `(Ji′) ≈τ,A diam(R) and dist(Ji, Ji′) .τ,A diam(R).
Recall that Fi′ ≡ 0 and Ji′ ⊂ LR. Then, using Lemma 21 and arguments close to
those in the proof of Lemmas 10 and 16, one can show that LQi is very close to LR in
cB0, which yields (b) and (c) in this case if ε0 = ε0(τ, A) is chosen small enough. 
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11.3. Extension of F to the whole LR. We are now ready to finish the definition
of F on the whole LR. Recall that F has already been defined on Π(GR) (see
(11.8)). So it remains to define it only on LR \ Π(GR). To this end, we first
introduce a partition of unity on LR \Π(GR). For each i ∈ I, we can find a function
ϕ˜i ∈ C∞(LR) such that χ2Ji 6 ϕ˜i 6 χ3Ji , with
|ϕ˜i′| 6 c
`(Ji)
and |ϕ˜i′′| 6 c
`(Ji)2
.
Then, for each i ∈ I, we set
(11.11) ϕi =
ϕ˜i∑
j∈I ϕ˜j
.
It is clear that the family {ϕi}i∈I is a partition of unity subordinated to the sets
{3Ji}i∈I , and each function ϕi satisfies
|ϕi′| 6 c
`(Ji)
and |ϕi′′| 6 c
`(Ji)2
,
taking into account Lemma 19.
Recall that LR \ Π(GR) =
⋃
i∈I Ji =
⋃
i∈I 3Ji. For z ∈ LR \ Π(GR), we define
F (z) :=
∑
i∈I0
ϕi(z)Fi(z).
Observe that in the preceding sum we can replace I0 by I as Fi ≡ 0 for i ∈ I \ I0.
We denote by ΓR the graph {(z, F (z)) : z ∈ LR}.
Using the lemmas proved above, one can undeviatingly follow the “partition of
unity” arguments in [T3, Section 7.5] to prove the following.
Lemma 23. The function F : LR → L⊥R is supported on LR∩B(Π(x0), 12 diam(R))
and is CF θ(R)-Lipschitz, where CF > 0 is absolute. Also, if z ∈ 15Ji, i ∈ I, then
|F ′′(z)| .
4
√
ε0
`(Ji)
.
Recall that we suppose of course that the parameters and thresholds mentioned
in Section 8 are chosen properly.
11.4. ΓR and R are close to each other.
Lemma 24. There exists a constant c3(τ, A) > 0 such that
(11.12) dist(x,ΓR) 6 c3(τ, A) · d(x) for any x ∈ B0.
Proof. Let y = (Π(x), F (Π(x))). By Lemma 18,
(11.13) dist(x,ΓR) 6 |x− y| = |Π⊥(x)− Π⊥(y)| .τ,A d(x) + d(y).
If Π(x) ∈ Π(GR), then y ∈ GR and thus d(y) ≡ 0, which proves the lemma.
If Π(x) /∈ Π(GR), let Ji, i ∈ I, be such that Π(x) ∈ Ji. Since Π(x) ∈ Ji ∩B0 6= ∅,
i ∈ I0 and therefore there exists a cube Qi ∈ DbTree(R) described in Lemma 21.
This gives
d(y) 6 dist(y,Qi) + diam(Qi) .τ,A dist(y,Qi) + `(Ji).
Let us estimate dist(y,Qi). One can deduce from the definition of F that there
exist y′ ∈ LQi such that Π(y′) = Π(y) and dist(y, y′) . `(Ji) (recall that LQi is the
graph of Fi and Π(y) ∈ Ji, see some details in [T3, Proof of Lemma 7.24]). Moreover,
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it follows in a similar way as in the proof of Lemmas 10 and 16 that there exist ζ ∈ Qi
and ζ ′ ∈ LQi such that dist(ζ, ζ ′) .
√
ε0 diam(Qi). We know from Lemma 21 that
dist(Π(y′),Π(ζ)) . `(Ji). Furthermore, it holds that ](LQi , LR) 6 θ(R) by (9.6)
in Lemma 9 taking into account that all Qi ∈ DbTree(R). These facts imply that
dist(y′, ζ ′) . `(Ji). Summarizing, we obtain
dist(y,Qi) 6 dist(y, y′) + dist(y′, ζ ′) + dist(ζ ′, ζ) . `(Ji).
From this by Lemma 19(a) and the definition of D (see (11.9)), we conclude that
d(y) .τ,A `(Ji) .τ,A D(Π(x)) .τ,A d(x).
This fact together with (11.13) proves the lemma. 
Lemma 25. Let ε0 = ε0(A, τ) be small enough. If Q ∈ DbTree(R) and z ∈ ΓR∩2BQ,
then
(11.14) dist(z, LQ) . 4
√
ε0 r(Q).
Proof. Let z ∈ GR. Then there exists Q′ ∈ DbTree(R) such that z ∈ Q′, Q′ ⊂ Q and
r(Q′) 6 ε1/30 r(Q). By Lemma 10 there is z′ ∈ Q′ such that dist(z′, z′′) .
√
ε0 r(Q
′),
where z′′ ∈ LQ′ ∩ 2BQ′ . Furthermore, it is clear that dist(z, z′) . r(Q′) . ε1/30 r(Q).
Using that Q′ ⊂ Q, by Lemma 17 we get dist(z′′, LQ) . ε1/30 r(Q). Consequently,
dist(z, LQ) 6 dist(z, z′) + dist(z′, z′′) + dist(z′′, LQ) . ε1/30 r(Q).
Now let z /∈ GR and ζ = Π(z). In this case
F (ζ) =
∑
i∈I0
ϕi(ζ)Fi(ζ).
Now take into account (11.11) and distinguish two cases. Suppose first that∑
i∈I0
ϕi(ζ) = 1.
In this case (ζ, F (ζ)) is a convex combination of the points (ζ, Fi(ζ)) for i such that
ϕi(ζ) 6= 0 (we will write i ∈ I˜0 for these i s, I˜0 ⊂ I0). Therefore (11.14) follows if
(11.15) dist((ζ, Fi(ζ)), LQ) . ε1/30 r(Q) for all i ∈ I˜0.
To prove this estimate, notice that since z ∈ 2BQ,
D(ζ) 6 d(z) . r(Q).
Let Ji′ , where i
′ ∈ I0, be the interval that contains ζ. Then
(11.16) `(Ji′) 6 120D(ζ) . r(Q).
Recall that ϕi is supported on 3Ji. Consequently, we necessarily have 3Ji ∩ Ji′ 6= ∅
if i ∈ I˜0. Therefore by Lemma 19(b) and 21(a),
`(Ji) ≈τ,A diam(Qi) ≈τ,A diam(Qi′) ≈τ,A `(Ji′) .τ,A r(Q).
Moreover, by Lemma 22(a),
dist(Π(Qi),Π(Qi′)) 6 dist(Qi, Qi′) .τ,A `(Ji).
Taking into account that
dist(Π(Qi′),Π(Q))
6 dist(Π(Qi′), Ji′) + diam(Ji′) + dist(Ji′ ,Π(Q)) . `(Ji′) .τ,A r(Q),
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we get
dist(Π(Qi),Π(Q))
6 dist(Π(Qi),Π(Qi′)) + diam(Π(Qi′)) + dist(Π(Qi′),Π(Q)) .τ,A r(Q).
From Lemma 18, applied for z1 ∈ Qi and z2 ∈ Q, we deduce that
dist(Qi, Q) . dist(Π(Qi),Π(Q)) + diam(Qi) + diam(Q) .τ,A r(Q).
This means that 2BQi ⊂ cBQ with some c = c(τ, A) > 1. Consequently, by Lem-
mas 11 and 16, we can find Q′ ∈ DbTree(R) such that cBQ ⊂ 2BQ′ , diam(Q′) ≈A,τ
diam(Q) and
dist(w,LQ) .A,τ
√
ε0( dist(w,Q
′) + diam(Q′)), w ∈ LQ′ .
Choosing ε0 = ε0(A, τ) small enough, we get
(11.17) dist(w,LQ) . ε1/30 ( dist(w,Q′) + diam(Q′)), w ∈ LQ′ .
Recall that (ζ, Fi(ζ)) ∈ LQi ∩ cBQi and 2BQi ⊂ 2BQ′ so Lemma 17 gives
dist((ζ, Fi(ζ)), LQ′) . ε1/30 r(Q′).
Note that the parameters and thresholds in Lemma 17 are also supposed to be
properly chosen. Together with (11.17) applied to w = projLQ′ (ζ, Fi(ζ)), this yields
(11.15) as required.
Suppose now that ∑
i∈I0
ϕi(ζ) < 1.
In this case, there exists some Ji′ with i
′ /∈ I0 such that ζ ∈ 3Ji′ (as from (11.11) it
follows that
∑
i∈I\I0 ϕi(ζ) > 0) and by Lemma 20(b),
diam(R) . `(Ji′) ≈ dist(Π(x0), Ji′).
Moreover, if Ji is the interval that contains ζ = Π(z), z ∈ 2BQ, then
`(Ji) . D(Π(z)) . d(z) . dist(z,Q) + diam(Q) . diam(R),
where we used the definition of D, see (11.9).
By Lemma 19(b), `(Ji) ≈ `(Ji′) as Ji ∩ 3Ji′ 6= ∅. That is why `(Ji′) ≈ diam(R).
This also implies that `(Jm) ≈ diam(R) for any m ∈ I0 such that ζ ∈ 3Jm. By
Lemma 21(a), it means that diam(Qm) ≈τ,A diam(R). Furthermore, it is clear that
dist(Qm, R) ≡ 0 and so the assumptions of Lemma 16 are satisfied for Qm and R.
Consequently, LQm and LR are very close in cBR for some c > 1 if the corresponding
parameters are chosen properly, namely,
(11.18) distH(LQm ∩ cBR, LR ∩ cBR) .τ,A
√
ε0 diam(R).
On the other hand, arguing as in (11.16), one deduces that `(Jm) .τ,A r(Q), and
from this we conclude that r(Q) ≈τ,A diam(R). By (11.18) then we get
|Fm(ζ)| = dist((ζ, Fm(ζ)), LR) .τ,A √ε0 diam(R) .τ,A √ε0 r(Q) . ε1/30 r(Q)
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for all above-mentioned ms is ε0 = ε0(τ, A) is chosen small enough. Recall that we
only need to sum up i ∈ I0 such that ζ ∈ 3Ji and these are our m ∈ I0. Thus
dist((ζ, F (ζ)), LR) 6
∑
i∈I0
ϕi(ζ)|Fi(ζ)| =
∑
m∈I0
ϕm(ζ)|Fm(ζ)|
6 max
m∈I0
|Fm(ζ)|
∑
m∈I0
ϕm(ζ) . ε1/30 r(Q).
Due to the fact that r(Q) ≈ diam(R), by Lemma 16 lines LR and LQ are very close
to each other in 2BQ, and thus
dist((ζ, F (ζ)), LQ) . ε1/30 r(Q)
as desired. 
Lemma 26. For all x ∈ R \RFar,
(11.19) dist(x,ΓR) . 4
√
ε0 d(x).
Proof. Recall that if d(x) = 0, then x ∈ ΓR and we are done.
By Lemmas 13 and 25 any point x ∈ R \ RFar is very close to LR and (11.19)
clearly holds if d(x) ≈ diam(R). Hence, we may suppose below that d(x) is small
with respect to diam(R), say, d(x) (c3(τ, A) + 2) diam(R), where c3(τ, A) > 0 is
from Lemma 24.
Given x ∈ R \RFar with d(x) > 0, take a cube Q ∈ DbTree(R) such that
dist(x,Q) + diam(Q) 6 2d(x).
Take any z ∈ Q (note that dist(z, x) 6 2d(x)) and find Q′ ∈ DbTree(R) such that
B(z, 2(c3(τ, A) + 2)d(x)) ⊂ 32BQ′ .
Recall that d(x) is small with respect to diam(R) and thus Q′ can be found.
We can also guarantee that r(Q′) ≈τ,A d(x). Furthermore, it is clear that x ∈
B(z, 2(c3(τ, A) + 2)d(x)) and thus x ∈ 32BQ′ . Moreover, Lemma 24 gives
dist(z,ΓR) 6 dist(z, x) + dist(x,ΓR) 6 (2 + c3(τ, A))d(x),
which yields that B(z, 2(c3(τ, A) + 2)d(x)) ∩ ΓR 6= ∅ and therefore
3
2
BQ′ ∩ ΓR 6= ∅.
Take into account that x ∈ 3
2
BQ′ ∩ R \ RFar ⊂ 2BClQ′ , i.e. dist(x, LQ′) .
√
ε0 r(Q
′)
and thus there is x′ ∈ LQ′ ∩ 2BQ′ such that dist(x, x′) . √ε0 r(Q′). Furthermore,
Lemma 25 says that dist(y, LQ′) 6 cε01/3 r(Q′) for any y ∈ ΓR ∩ 2BQ′ and some
c > 0. In other words,
ΓR ∩ 2BQ′ ⊂ Ucε01/3 r(Q′)(LQ′),
and thus dist(x′,ΓR) . ε01/3 r(Q′). Summarising, we get
dist(x,ΓR) 6 dist(x, x′) + dist(x′,ΓR) . ε01/3 r(Q′).
It is left to remember that r(Q′) ≈τ,A d(x) by construction and to choose ε0 =
ε0(τ, A) small enough. 
Lemma 27. For each i ∈ I0,
dist(Qi,ΓR ∩ Π−1(Ji)) .τ,A `(Ji).
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Proof. Let x ∈ Qi ⊂ B0. Then by Lemmas 24 and 21(a) we have
dist(Qi,ΓR) 6 dist(x,ΓR) .τ,A d(x) .τ,A diam(Qi) ≈τ,A `(Ji).
Moreover, dist(Ji,Π(Qi)) . `(Ji) by Lemma 21(b). From these two inequalities and
Lemma 23, the required result follows. 
We finish this section with one more result which can be easily deduced from
Lemmas 23 (look at sptF ) and 25.
Lemma 28. For any z ∈ ΓR, it holds that
dist(z, LR) . 4
√
ε0 r(R).
12. Small measure of the cubes from LD(R)
In what follows we show that the measure of the low-density cubes is small.
Lemma 29. If ε0 = ε0(τ, A) and τ are small enough, then
(12.1)
∑
Q∈LD(R)
µ(Q) 6 1
3
√
τ µ(R).
Proof. Recall that the the parameters and thresholds from Section 8 are supposed
to be chosen so that all above-stated results hold true. Taking this into account,
note that by Lemma 12 with α = α(τ), being small enough, we have
µ(RFar) 6 16
√
τµ(R),
thus for obtaining (12.1) it suffices to show that
(12.2) µ(SLD) 6 16
√
τµ(R), where SLD :=
⋃
Q∈LD(R)
Q \RFar.
By the Besicovitch covering theorem, there exist a countable collection of points
xi ∈ SLD such that
SLD ⊂
⋃
i
B(xi, r(Qi)) and
∑
i
χB(xi,r(Qi)) 6 N,
where Qi ∈ LD(R) is such that xi ∈ Qi, and N is some fixed constant. Note that
B(xi, r(Qi)) ⊂ 2BQi . From this it follows that
µ(SLD) 6
∑
i
µ(B(xi, r(Qi))) 6
∑
i
µ(2BQi) .
∑
i
Θµ(2BQi)r(Qi).
Since Qi ∈ LD(R), we have Θµ(2BQi) < τΘµ(2BR) by definition. Furthermore, each
xi ∈ SLD satisfies Lemma 26 and moreover d(xi) .τ,A diam(Qi) (as xi also belongs
to the first doubling ancestor of Qi with a comparable diameter with comparability
constant λ = λ(τ, A), see Lemma 11) so that
dist(xi,ΓR) .τ,A 4
√
ε0 r(Qi) . 8
√
ε0 r(Qi),
if ε0 = ε0(τ, A) is small enough. This means that ΓR passes very close to the center
of B(xi, r(Qi)) in terms of r(Qi). Consequently,
r(Qi) . H1(ΓR ∩B(xi, r(Qi)))
as ΓR is a connected graph of a Lipschitz function. Thus we get
µ(SLD) . τΘµ(2BR)
∑
i
H1(ΓR ∩B(xi, r(Qi))).
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Since
∑
i χB(xi,r(Qi)) 6 N with an absolute constant N , we get by Lemma 23 that∑
i
H1(ΓR∩B(xi, r(Qi))) . H1
(
ΓR ∩
⋃
i
B(xi, r(Qi))
)
. H1(ΓR∩2BR) . r(BR).
From this we deduce that
µ(SLD) . τΘµ(2BR)r(BR) . τµ(2BR) . τµ(R),
where the latter inequality is due to the fact that R ∈ Ddb by construction. Finally,
we obtain (12.2) if τ is chosen small enough. 
13. Small measure of the cubes from BS(R) for R whose best
approximation line is far from the vertical
13.1. Auxiliaries and the key estimate for the measure of cubes from
BS(R). Given some θ0 > 0, we say that
R ∈ TV F (θ0) and θ(R) = θ0, if θV (LR) > (1 + CF ) θ0;
R /∈ TV F (θ0) and θ(R) = 2(1 + CF ) θ0, if θV (LR) < (1 + CF ) θ0.
Note that CF > 0 is an absolute constant from Lemma 23 where it is stated that
the function F is CF θ(R)-Lipschitz. Recall that θ0 and θ(R) were first introduced
and used in Sections 8 and 9.1.
Let R ∈ TV F (θ0). From the definition of the family BS(R) it follows that in this
case we have
(13.1) ](LQ, LR) > θ0 ∀Q ∈ BS(R).
On the other hand, if Q ∈ DbTree(R), then ](LQ, LR) 6 θ0 and thus
θV (LQ) > (1 + CF ) θ0 − ](LQ, LR) > CF θ0 ∀Q ∈ DbTree(R).
In this section we are going to deal with R ∈ TV F (θ0) only. Our aim is to prove
the following assertion.
Lemma 30. For any R ∈ TV F (θ0), if ε0 = ε0(τ) is chosen small enough, then∑
Q∈BS(R)
µ(Q) 6 1
3
√
τµ(R).
The rest of this section is devoted to the proof of this lemma.
Remark 6. It is natural to suppose in this section that BS(R) is not empty. This
and Remark 4 imply that R /∈ Stop(R) and thus Tree(R) \ Stop(R) is not empty.
13.2. The measure of cubes from BS(R) is controlled by the permutations
of the Hausdorff measure restricted to ΓR. Recall that the the parameters and
thresholds from Section 8 are supposed to be chosen so that all above-stated results
hold. Taking this into account, note that by Lemma 12 with α = α(τ), being small
enough, we have
µ(RFar) 6 16
√
τµ(R),
thus to prove Lemma 30, it suffices to show that
(13.2) µ(SBS) 6 16
√
τµ(R), where SBS :=
⋃
Q∈BS(R)
Q \RFar.
The following results is the first step in proving (13.2). (Recall the identity (2.3).)
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Lemma 31. If θ0 and ε0 = ε0(θ0, τ, A) are chosen small enough, then
µ(SBS) .A
p∞(Θµ(2BR)H1ΓR)
θ20 Θµ(2BR)
2
.
Proof. For every x ∈ SBS take the ball B(x, r(Qx)), where Qx ∈ BS(R) and is such
that x ∈ Qx. By the 5r-covering theorem there exists a subfamily of pairwise disjoint
balls {B(xi, r(Qi))}i∈Iˆ , where Qi = Qxi , such that
SBS ⊂ R ∩
⋃
i∈Iˆ
B(xi, 5r(Qi)).
Let Bi = B(xi,
1
2
r(Qi)), i ∈ Iˆ. Clearly, Bi ⊂ BQi . Moreover, take into account
that Qi ∈ Ddb by the stopping condition (S3) and that SBS∩RFar = ∅ by definition.
Therefore, by Lemma 26,
dist(xi,ΓR) . 4
√
ε0 d(xi) . 4
√
ε0 r(Qi) <
1
4
r(Qi),
if ε0 is small enough. Thus ΓR ∩ 12Bi 6= ∅ and therefore there exist y1, y2 ∈ ΓR ∩Bi
such that
cr(Qi) 6 |y1 − y2| . |Π(y1)− Π(y2)|
with some small fixed constant c > 0, where in the latter inequality we took into
account that ΓR is a graph of a Lipschitz function F (see Lemma 23).
Now, by Lemma 11, there exists Q˜i ∈ DbTree(R) such that Qi ⊂ Q˜i and moreover
diam(Qi) ≈τ,A diam(Q˜i). By Lemma 25,
dist(yk, LQ˜i) . ε0
1/3 r(Q˜i), yk ∈ ΓR ∩Bi, k = 1, 2.
At the same time, ∠(LQi , LQ˜i) .τ,A 4
√
ε0 by arguments similar to those in the proof
of Lemma 16 (this lemma cannot be applied directly as Qi /∈ DbTree(R) but the
arguments can still be adapted if one of the cubes is in BS(R)). Therefore, if
ε0 = ε0(τ, A) is small enough, then one can show that
dist(yk, LQi) . 8
√
ε0 r(Qi), yk ∈ ΓR ∩Bi ⊂ ΓR ∩ 2BQi , k = 1, 2.
Consequently, denoting by y′k the orthogonal projections of yk onto LQi , we get
|yk − y′k| . 8
√
ε0 r(Qi), k = 1, 2.
Since ](LQi , LR) > θ0 by (13.1) and ε0 = ε0(θ0) is small enough, it holds that
|F (Π(y1))− F (Π(y2))|
= |Π⊥(y1)− Π⊥(y2)| > |Π⊥(y′1)− Π⊥(y′2)| −
∑
k
|yk − y′k|
& θ0|Π(y′1)− Π(y′2)| −
∑
k
|yk − y′k| & θ0|Π(y1)− Π(y2)| − 2
∑
k
|yk − y′k|
& θ0r(Qi)− 8√ε0r(Qi) & θ0r(Qi),
where k = 1, 2. Thus,∫
Π(Bi)
|F ′(z)|dz >
∣∣∣∣∣
∫ Π(y2)
Π(y1)
F ′(z)dz
∣∣∣∣∣ = |F (Π(y1))− F (Π(y2))| & θ0r(Qi).
This and Ho¨lder’s inequality yield
θ0r(Qi) .
√
r(Bi)‖F ′‖2,Π(Bi) ≈
√
r(Qi)‖F ′‖2,Π(Bi),
and finally
r(Qi) . θ−20 ‖F ′‖22,Π(Bi).
SINGULAR INTEGRAL OPERATORS WHICH CONTROL THE CAUCHY TRANSFORM 33
Since the balls 2Bi, i ∈ Iˆ, are pairwise disjoint by construction, so are the intervals
Π(Bi) ⊂ LR, i ∈ Iˆ, if θ0 is chosen small enough. This is a consequence of the fact
that xi, the centres of Bi, lie very close to ΓR, namely, dist(xi,ΓR) . 4
√
ε0 r(Bi), and
moreover ](Lxi,xj , LR) . θ0 for all i, j ∈ Iˆ as ΓR is Lipschits with constant . θ0,
see Lemma 23. By this reason we have
µ(SBS) 6
∑
i∈Iˆ
µ(B(xi, 5r(Qi))) .
∑
i∈Iˆ
Θµ(2BQi)r(Qi)
.A θ−20 Θµ(2BR)
∑
i∈Iˆ
‖F ′‖22,Π(Bi) .A θ−20 Θµ(2BR)‖F ′‖22.
Now take into account that under the assumption that ‖F ′‖∞ 6 1/10 (which is
satisfied if θ0 is sufficiently small) by [T3, Lemma 3.9] we have
‖F ′‖22 ≈ p∞(H1ΓR) ≈ Θµ(2BR)−3 p∞(Θµ(2BR)H1ΓR)
with some absolute constants. 
We claim that p∞(x, y, z) is well controlled by p0(x, y, z) for any x, y ∈ ΓR if
R ∈ TV F (θ0).
Lemma 32. If R ∈ TV F (θ0), then
p∞(x, y, z) .θ0 p0(x, y, z) for any x, y ∈ ΓR.
Proof. The fact that the function F (whose graph is ΓR) is CF θ(R)-Lipschitz by
Lemma 23 and the definitions at the beginning of Subsection 13.1 yield
](Lxy, LR) 6 CF θ0 and θV (LR) > (1 + CF ) θ0.
Consequently,
θV (Lxy) > θV (LR)− ](Lxy, LR) > (1 + CF ) θ0 − CF θ0 = θ0.
Therefore (x, y, z) ∈ VFar(θ0) and it is left to use Lemma 6. 
For x ∈ C such that Π(x) /∈ Π(GR), set
Jx = Ji, i ∈ I, such that Π(x) ∈ Ji,
and
`x = `(Jx).
If Π(x) ∈ Π(GR), we write
Jx = Π(x) and `x = 0,
i.e. one should think that in this case the point Π(x) is a degenerate interval Jx
with zero side length. To simplify notation, throughout this section we also write
x1 = Π(x) and x2 = Π
⊥(x).
Recall that the intervals {Ji}, i ∈ I0, are the ones from {Ji}, i ∈ I, that intersect
the ball B0 = B(Π(x0), 10 diam(R)), where x0 ∈ R is such that dist(x0, LR) . r(R)
(see (11.10)). Observe that if z ∈ U0 = LR ∩ B0, then D(z) . r(R). Thus `(Ji) .
r(R) for all i ∈ I0. Thus, setting
ΓB0 = GR ∪
⋃
i∈I0
ΓR ∩ Π−1(Ji),
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we deduce that ΓB0 ⊂ c′B0 with some fixed c′ > 0. It is also true that B0 ⊂ c′′BR
with some c′′ > 0 and thus
ΓB0 ⊂ cBR with some c > 0.
One can actually tune constants to guarantee that
ΓB0 ⊂
⋃
Q∈Tree(R)
2BQ ⊂ 2BR,
so we will suppose this in what follows.
Clearly, Π(ΓB0) is an interval on LR and therefore ΓB0 is a connected subset of
ΓR. We also set
ΓExt(B0) = ΓR \ ΓB0 .
First we will show that the part of the permutations of H1ΓR that involves ΓExt(B0)
is very small.
Lemma 33. We have
p∞(Θµ(2BR)H1ΓExt(B0) ,Θµ(2BR)H
1
ΓR
,Θµ(2BR)H1ΓR) . 8
√
ε0 Θµ(2BR)
2 µ(R).
Proof. The proof is analogous (up to constants) to the proof of [T3, Lemma 7.36],
where we should use our Lemmas 23 and 28 instead of [T3, Lemma 7.27 and
Lemma 7.32]. 
What is more, it can be easily seen that
p∞(Θµ(2BR)H1ΓR) 6p∞(Θµ(2BR)H1ΓB0 )
+ 3p∞(Θµ(2BR)H1ΓExt(B0) ,Θµ(2BR)H
1
ΓR
,Θµ(2BR)H1ΓR).
(13.3)
Consequently, taking into account Lemmas 31 and 33, we are now able to reduce
the proof of Lemma 30 to the proof of a proper estimate for p∞(Θµ(2BR)H1ΓB0 ),
where ΓB0 ⊂ cBR with some c > 0. For short, we will write
σ := Θµ(2BR)H1ΓB0 .
Thus, using this notation, we are aimed to prove the following lemma in the forth-
coming subsections.
Lemma 34. It holds that
p∞(σ) . ε1/400 Θµ(2BR)2 µ(R).
13.3. Estimates for the permutations of the Hausdorff measure restricted
to ΓR. Recall that, for x ∈ C, we set `x = `(Jx). Let x, y ∈ ΓR. We say that x and
y are
• very close and write
(x, y) ∈ VC, if |x1 − y1| 6 `x + `y;
• close and write
(x, y) ∈ C, if |x1 − y1| 6 ε−1/200 (`x + `y);
• far and write
(x, y) ∈ F, if |x1 − y1| > ε−1/200 (`x + `y).
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Notice that the relations are symmetric with respect to x and y.
Given (x, y, z) ∈ Γ3B0 , there are three possibilities: either two of the points in the
triple are very close, or no pair of points is very close but there is at least one pair
that is close, or all the pairs of points are far. So we can split p∞(σ) as follows:
p∞(σ) 6 3
∫∫∫
(x,y)∈VC
p∞(x, y, z) dσ(x) dσ(y) dσ(z)
+ 3
∫∫∫
(x,y)∈C\VC
(x,z)6∈VC
(y,z)6∈VC
p∞(x, y, z) dσ(x) dσ(y) dσ(z)
+
∫∫∫
(x,y)∈F
(x,z)∈F
(y,z)∈F
p∞(x, y, z) dσ(x) dσ(y) dσ(z)
=: p∞,VC(σ) + p∞,C\VC(σ) + p∞,F(σ).
(13.4)
A straightforward adaptation of the arguments from [T3, Section 7.8.2, Lemmas
7.38 and 7.39] to our settings gives the following.
Lemma 35. If ε0 = ε0(τ, A) and α = α(θ0, ε0, τ, A) are chosen small enough, then
p∞,VC(σ) + p∞,C\VC(σ) . ε1/400 Θµ(2BR)2 µ(R).
Now we are going to prove the following result that actually finishes the proof of
Lemma 34 and therefore Lemma 30 taking into account (13.4) and Lemma 35.
Lemma 36. If ε0 = ε0(τ, A), α = α(θ0, ε0, τ, A) and δ = δ(ε0) are small enough,
then
(13.5) p∞,F(σ) . ε1/400 Θµ(2BR)2 µ(R).
The proof of Lemma 36 is similar to the one of [T3, Lemma 7.40] but necessary
changes are not straightforward so we give details. First we need to approximate
the measure σ by another measure absolutely continuous with respect to µ, of the
form gµ, with some g ∈ L∞(µ). This is carried out by the next lemma, where we
say that
(13.6) i ∈ I ′0 if i ∈ I0 and µ(Qi \RFar) > 34µ(Qi),
for the cubes Qi ∈ DbTree(R) from Lemma 21 associated with the intervals Ji,
i ∈ I0. Recall the definition of RFar in Section 9.2 and Lemmas 12 and 13. In what
follows we will also write
Ĵi := ΓR ∩ Π−1(Ji).
Lemma 37. For each i ∈ I ′0 there exists a non-negative function gi ∈ L∞(µ),
supported on Ai ⊂ Qi \RFar, where Qi ∈ DbTree(R) are associated with the intervals
Ji by Lemma 21, and such that
(13.7)
∫
gi dµ = Θµ(2BR)H1(Ĵi) = σ(Ĵi),
and
(13.8)
∑
i∈I′0
gi .τ,A 1.
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Proof. Assume first that the family {Ji}i∈I′0 is finite. Suppose also that `(Ji) 6
`(Ji+1) for all i ∈ I ′0. We will construct
gi = αiχAi , where αi > 0 and Ai ⊂ Qi \RFar.
We set
α1 =
σ(Ĵ1)
µ(A1)
and A1 = Q1 \RFar,
so that
∫
g1 dµ = σ(Ĵ1). Furthermore, by (9.2) in Lemma 9, Lemmas 21 and 23 and
the condition (13.6) we get
‖g1‖∞ = α1 .τ,A Θµ(2BR)`(J1)
µ(Q1)
≈τ,A Θµ(2BR) diam(Q1)
µ(2BQ1)
6 b′
with some b′ = b′(τ, A) > 0. Furthermore, we define gk, k > 2, by induction.
Suppose that g1, . . . , gk−1 have been constructed, satisfy (13.7) and the inequality∑k−1
i=1 gi 6 b with some b = b(τ, A) > 0 to be chosen later.
If Qk is such that Qk ∩
⋃k−1
i=1 Qi = ∅, then we set
αk =
σ(Ĵk)
µ(Ak)
and Ak = Qk \RFar,
so that
∫
gk dµ = σ(Ĵk). Moreover, similarly to the case of α1, we have
‖gk‖∞ = αk 6 b′,
where b′ = b′(τ, A) is obviously independent of k. Since Ak ∩
⋃k−1
i=1 Ai = ∅, we have
gk +
∑k−1
i=1
gi 6 max{b, b′}.
We choose b = b′(τ, A) in order to have (13.8).
Now suppose that Qk ∩
⋃k−1
i=1 Qi 6= ∅ and let Qs1 , . . . , Qsm be the subfamily of
Q1, . . . , Qk−1 such that Qsj ∩ Qk 6= ∅. Since `(Jsj) 6 `(Jk) (because of the non-
decreasing sizes of `(Ji), i ∈ I ′0), we deduce that dist(Jsj , Jk) . `(Jk), and thus
Jsj ⊂ c′Jk, for some constant c′ > 0. Using (13.7) for i = sj, we get by (9.2) in
Lemma 9, Lemmas 21 and 23 that∑
j
∫
gsj dµ =
∑
j
σ(Ĵsj) 6 σ(Π−1(c′Jk))
. Θµ(2BR)`(Jk) . Θµ(2BR) diam(Qk) 6 c′′ µ(Qk)
with some c′′ = c′′(τ, A) > 0. Therefore, by Chebyshev’s inequality,
µ
({∑
j
gsj > 2c
′′
})
6 1
2
µ(Qk).
So we set
Ak =
(
Qk ∩
{∑
j
gsj 6 2c′′
})
\RFar,
and then µ(Ak) > 14µ(Qk). As above, we put αk = σ(Ĵk)/µ(Ak) so that gk = αkχAk
satisfies
∫
gk dµ = σ(Ĵk). Consequently,
αk 6
σ(Ĵk)
1
4
µ(Qk)
6 b′′ with some b′′ = b′′(τ, A) > 0,
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which yields
gk +
∑
j
gsj 6 b′′ + 2c′′.
Recall that sj are such that Qsj ∩Qk 6= ∅. The latter inequality implies that
gk +
∑k−1
i=1
gi 6 max{b, b′′ + 2c′′}.
In this case, we choose b = b′′ + 2c′′ and (13.8) follows. Clearly, this bound is
independent of the number of functions.
Suppose now that {Ji}i∈I′0 is not finite. For each fixed M we consider a family of
intervals {Ji}16i6M . As above, we construct functions gM1 , . . . , gMM with spt (gMi ) ⊂
Qi \RFar satisfying∫
gMi dµ = σ(Ĵi) and
∑M
i=1
gMi 6 b = b(τ, A).
Then there is a subsequence {gk1}k∈I1 which is convergent in the weak ∗ topology of
L∞(µ) to some function g1 ∈ L∞(µ). Now we take another convergent subsequence
{gk2}k∈I2 , I2 ⊂ I1, in the weak ∗ topology of L∞(µ) to another function g2 ∈ L∞(µ),
etc. We have spt (gi) ⊂ Qi \ RFar. Furthermore, (13.7) and (13.8) also hold due to
the weak ∗ convergence. 
Recall that GR = {z ∈ C : d(z) = 0} (see (11.7)) and clearly GR ⊂ R. We
will need the following result which can be proved analogously to [T3, Lemma 7.18]
taking into account that the density Θµ(2BR) is involved in our case.
Lemma 38. We have
µbGR = ρGRΘµ(2BR)H1GR = ρGRσbGR,
where ρGR is a function such that c 6 ρGR 6 c−1 with some constant c = c(τ, A) > 0.
Let us mention now the following technical result proved in [T3, Subsection 4.6.1].
Lemma 39. Let x, y, z ∈ C be pairwise distinct points, and let x′ ∈ C be such that
a−1|x− y| 6 |x′ − y| 6 a|x− y|,
where a > 0 is some constant. Then
|c(x, y, z)− c(x′, y, z)| 6 (4 + 2a) |x− x
′|
|x− y||x− z| .
Take into account that p∞(x, y, z) = 12c(x, y, z)
2 by (2.3).
Recall that
ΓB0 = GR ∪
⋃
i∈I0
Ĵi and Ĵi = ΓR ∩ Π−1(Ji).
In Lemma 37 we showed how σbĴi can be approximated by a measure supported on
Qi \RFar, for each i ∈ I ′0, where I ′0 is defined in (13.6). Notice that, by Lemma 27,
(13.9) dist(Qi, Ĵi) .τ,A `(Ji), i ∈ I0.
Now we consider the measures
νi := gi µ, i ∈ I ′0,
with gi as in Lemma 37, and set
(13.10) ν := σbGR +
∑
i∈I′0
νi = ρ
−1
GR
µbGR +
∑
i∈I′0
gi µ.
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This measure should be understood as an approximation of σ = Θµ(2BR)H1ΓB0 ,
which coincides with σ on GR due to Lemma 38 (gi ≡ 0 in this case).
Using the measure ν, we will actually prove the inequality (13.5) in Lemma 36.
This will be done in the forthcoming subsection.
13.4. Estimates for the permutations of the Hausdorff measure restricted
to ΓR in the case when points are far from each other. To proceed, we need
to introduce some additional notation. Given measures τ1, τ2, τ3, set
pt(τ1, τ2, τ3) :=
∫∫∫
pt(x, y, z) dτ1(x) dτ2(y) dτ3(z), where t = 0 or t =∞.
We denote by pt,F(τ1, τ2, τ3) the triple integral above restricted to (x, y, z) such that
(13.11)
|x1 − y1| > ε−1/200 (`x + `y),
|x1 − z1| > ε−1/200 (`x + `z),
|y1 − z1| > ε−1/200 (`y + `z).
So we have
(13.12)
p∞,F(σ) = p∞,F(σbGR)
+p∞,F(σbΓB0 \GR)
+3 p∞,F(σbGR, σbΓB0 \GR, σbΓB0 \GR)
+3 p∞,F(σbGR, σbGR, σbΓB0 \GR).
1. Consider the term p∞,F(σbGR). In this case `x = `y = `z ≡ 0 and the subscript
F may be skipped. Moreover, using Lemmas 32 and 38, we get
p∞,F(σbGR) .θ0 p0(σbGR) ≈θ0,τ,A p0(µbGR).
Now we proceed very similarly to the proof of Lemma 12. For δ > 0 from Lemma 7
(see also Section 8), taking into account Remark 6, we get
p0(µbGR) 6
∫
GR
∑
Q∈Tree(R)\Stop(R):x∈2BQ
p
[δ,Q]
0 (x, µbGR, µbGR) dµ(x)
6
∑
Q∈Tree(R)\Stop(R)
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
=
∑
Q∈Tree(R)\Stop(R)
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
µ(Q)
∫
χQ(x) dµ(x).
Changing the order of summation and the inequality (9.4) yield
p0(µbGR)
Θµ(2BR)2
6
∫
R
∑
Q∈Tree(R)\Stop(R):x∈Q
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
Θµ(2BR)2µ(Q)
dµ(x)
=
∫
R
∑
Q∈Tree(R)\Stop(R):x∈Q
perm(Q)2 dµ(x).
From this and the inequality (9.4) in Lemma 9 we deduce that
p0(µbGR) 6 α2 Θµ(2BR)2µ(R).
Finally, if α = α(θ0, ε0, τ, A) is chosen small enough, then
p∞,F(σbGR) . ε1/400 Θµ(2BR)2 µ(R).
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2. Let us study p∞,F(σbΓB0 \GR). In this case `x, `y and `z are strictly positive
and so are the lengths of the associated doubling cubes from Lemma 21. We set
p∞,F(σbΓB0 \GR) =
∑
i,j,k∈I0
p∞,F
(
σbĴi, σbĴj, σbĴk
)
.
First let us consider the case when at least one of the indices i, j or k is in I0 \ I ′0,
i.e. µ(Qh ∩RFar) > 34µ(Qh) for h being i, j or k, according to (13.6). By symmetry,
we may consider just the case i ∈ I0 \ I ′0. Moreover, then the required estimate will
follow from a proper one for
p∞
(
σbĴ ′, σbΓB0 , σbΓB0
)
, where Ĵ ′ :=
⋃
i∈I0\I′0
Ĵi.
Recall that
σ = Θµ(2BR)H1ΓB0 and ΓB0 = GR ∪
⋃
i∈I0
Ĵi.
Lemma 40. We have
H1(Ĵ ′) 6 √α diam(R).
Proof. Notice that for i ∈ I0 \ I ′0 we have
Θµ(2BR)H1(Ĵi) . Θµ(2BR)`(Ji) .τ,A Θµ(2BR) diam(Qi)
≈τ,A µ(Qi) .τ,A µ(Qi ∩RFar),
where Qi ∈ DbTree(R) is the cube associated to the interval Ji by Lemma 3.21. By
Vitali’s covering lemma, there exists a subfamily of balls 2BQi , i ∈ J ⊂ I0 \ I ′0, such
that
• the balls 2BQi , i ∈ J , are disjoint,
• ⋃i∈I0\I′0 2BQi ⊂ ⋃i∈J 10BQi .
Then, taking into account that µ(10BQi ∩R) ≈τ,A µ(2BQi) ≈ µ(Qi), we get
Θµ(2BR)H1(Ĵ ′) .
∑
i∈I0\I′0
µ(Qi) .
∑
i∈J
µ(10BQi ∩R)
.τ,A
∑
i∈J
µ(Qi) .τ,A
∑
i∈J
µ(Qi ∩RFar) .τ,A µ(RFar),
because the cubes Qi from the family J are disjoint. Since µ(RFar) 6 αµ(R) by
Lemma 12, the lemma follows if α = α(τ, A) is chosen small enough. 
To continue, we need the following result from [T3].
Lemma 41 (Lemma 3.4 in [T3]). Let µ1, µ2 and µ3 be finite measures. Then∑
s∈S3
∫
Cε(µs2)Cε(µs3) dµs1 = c2ε(µ1, µ2, µ3) +R, R 6 C
∑
s∈S3
∫
MRµs2MRµs3 dµs1 ,
where S3 is the group of permutations of the three elements {1, 2, 3}, Cε the truncated
Cauchy integral, c2ε the truncated curvature of measure (see (2.2) and below) and MR
the 1-dimensional radial maximal operator.
Lemma 42. For E ⊂ ΓB0, we have
c2(H1E,H1ΓB0 ,H
1
ΓB0
) . H1(E)1/2 diam(R)1/2.
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Proof. By Lemma 41, we have
c2(H1E,H1ΓB0 ,H
1
ΓB0
) . lim sup
ε→0
∫
ΓB0
|Cε(H1E) Cε(H1ΓB0 )| dH
1
+ lim sup
ε→0
∫
E
|Cε(H1ΓB0 )|
2 dH1
+
∫
ΓB0
|MR(H1E)MR(H1ΓB0 )|
2 dH1
+
∫
E
|MR(H1ΓB0 )|
2 dH1
:= I1 + I2 + I3 + I4.
Regarding I1, by the L
2-boundedness of the Cauchy transform on Lipschitz graphs
(with respect to H1ΓR) we have
I1 6 lim sup
ε→0
‖Cε(H1E)‖L2(H1ΓR )‖Cε(H
1
ΓB0
)‖L2(H1ΓR )
. H1(E)1/2H1(ΓB0)1/2
. H1(E)1/2 diam(R)1/2.
For I2 we use the L
4-boundedness of the Cauchy transform:
I2 6 lim sup
ε→0
H1(E)1/2 ‖Cε(H1ΓB0 )‖
2
L4(H1ΓR )
. H1(E)1/2 diam(R)1/2.
Using the fact that MR(H1ΓB0 ) . 1, we derive
I4 6 H1(E) . H1(E)1/2 diam(R)1/2,
and also
I3 .
∫
ΓB0
|MR(H1E)| dH1.
Since the operator MR(H1ΓR) is bounded in L2(H1ΓR) (as it is comparable to the
Hardy-Littlewood operator with respect to the measure H1ΓR), we deduce
I3 . ‖MR(χEH1ΓR)‖L2(H1ΓR )H
1(ΓB0)
1/2 . H1(E)1/2 diam(R)1/2.
So the lemma follows. 
By Lemma 42 for E = Ĵ ′ and Lemma 40 we derive that
c2(H1
Ĵ ′ ,H1ΓB0 ,H
1
ΓB0
) . H1(Ĵ ′)1/2 diam(R)1/2 . α1/4 diam(R).
Therefore, recalling that p∞(x, y, z) = 12c(x, y, z)
2 (see (2.3)),
p∞
(
σbĴ ′, σbΓB0 , σbΓB0
)
. α1/4Θµ(2BR)3 diam(R) ≈ α1/4 Θµ(2BR)2 µ(R).
Furthermore, choosing α = α(ε0) small enough, we get from the latter estimate that
(13.13)
∑
i∈I0\I′0, j,k∈I0
p∞,F
(
σbĴi, σbĴj, σbĴk
)
. ε1/400 Θµ(2BR)2 µ(R),
and we are done with the case when at least one of the indices i, j or k is in I0 \ I ′0.
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Now let (i, j, k) ∈ (I ′0)3. By definition, if p∞,F
(
σbĴi, σbĴj, σbĴk
)
6= 0, then there
exist x ∈ Ĵi, y ∈ Ĵj and z ∈ Ĵk satisfying (13.11). Then it follows easily that
(13.14)
dist(Ĵi, Ĵj) > 12ε
−1/20
0 (`(Ji) + `(Jj)) ,
dist(Ĵi, Ĵk) > 12ε
−1/20
0 (`(Ji) + `(Jk)) ,
dist(Ĵj, Ĵk) > 12ε
−1/20
0 (`(Jj) + `(Jk)) .
We denote by JF the set of those indices (i, j, k) ∈ (I ′0)3 such that the inequalities
(13.14) hold, so that
p∞,F(σbΓB0 \GR) 6
∑
(i,j,k)∈JF
p∞
(
σbĴi, σbĴj, σbĴk
)
.
Consider (i, j, k) ∈ JF and
x, x′ ∈ Ĵi ∪Qi, y, y′ ∈ Ĵj ∪Qj and z, z′ ∈ Ĵk ∪Qk.
Due to (13.14) and (13.9), taking into account that `(Jh) ≈τ,A diam(Ĵh) ≈τ,A
diam(Qh) for each h ∈ I by Lemma 21, the sets Ĵi ∪ Qi, Ĵj ∪ Qj and Ĵk ∪ Qk
are far to each other in the sense that
(13.15)
dist(Ĵi ∪Qi, Ĵj ∪Qj) & ε−1/200 (`(Ji) + `(Jj)) ,
dist(Ĵi ∪Qi, Ĵk ∪Qk) & ε−1/200 (`(Ji) + `(Jk)) ,
dist(Ĵj ∪Qj, Ĵk ∪Qk) & ε−1/200 (`(Jj) + `(Jk)) ,
where ε0 is chosen small enough. Furthermore, applying Lemma 39 three times gives
p∞(x, y, z) 6 2 p∞(x′, y′, z′) + c (Tx(y, z) + Ty(x, z) + Tz(x, y)) ,
where
Tz1(z2, z3) :=
`2z1
|z1 − z2|2 |z1 − z3|2 for z1, z2, z3 ∈ C.
Then, integrating on x ∈ Ĵi, y ∈ Ĵj, and z ∈ Ĵk with respect to σ, we get
p∞
(
σbĴi, σbĴj, σbĴk
)
6 2 p∞(x′, y′, z′)σ(Ĵi)σ(Ĵj)σ(Ĵk)
+ c
∫∫∫
x∈Ĵi
y∈Ĵj
z∈Ĵk
[Tx(y, z) + Ty(x, z) + Tz(x, y)] dσ(x) dσ(y) dσ(z).
On the other hand, by analogous arguments, we have
p∞(x′, y′, z′) ‖νi‖ ‖νj‖ ‖νk‖ 6 2 p∞(νi, νj, νk)
+ c
∫∫∫
[Tx(y, z) + Ty(x, z) + Tz(x, y)] dνi(x) dνj(y) dνk(z).
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Thus, recalling that ‖νh‖ = σ(Ĵh) for any h ∈ I ′0, from the preceding inequalities we
get
p∞
(
σbĴi, σbĴj, σbĴk
)
. p∞(νi, νj, νk)
+
∫∫∫
[Tx(y, z) + Ty(x, z) + Tz(x, y)] dνi(x) dνj(y) dνk(z)
+
∫∫∫
x∈Ĵi
y∈Ĵj
z∈Ĵk
[Tx(y, z) + Ty(x, z) + Tz(x, y)] dσ(x) dσ(y) dσ(z).
(13.16)
Now recall that Ah = spt νh ⊂ Qh for any h ∈ I ′0. This and Lemma 24 imply that
for each x ∈ Qi and y ∈ Qj there exist x˜ ∈ ΓR and y˜ ∈ ΓR, correspondingly, such
that dist(x, x˜) .τ,A `(Ji) and dist(y, y˜) .τ,A `(Jj). Due to this fact and (13.15), it
holds that
](Lxy˜, Lxy) .
|y − y˜|
|x− y| .τ,A
`(Jj)
ε
−1/20
0 (`(Ji) + `(Jj))
.τ,A ε1/200
and
](Lx˜y, Lxy) .
|x− x˜|
|x− y| .τ,A
`(Ji)
ε
−1/20
0 (`(Ji) + `(Jj))
.τ,A ε1/200 .
So it follows that ](Lx˜y˜, Lxy) .τ,A ε1/200 . By Lemma 23 and the definitions at the
beginning of Subsection 13.1,
](Lxy, LR) 6 CF θ0 and θV (LR) > (1 + CF ) θ0.
Consequently,
θV (Lx˜y˜) > θV (LR)− ](Lxy, LR)− ](Lx˜y˜, Lxy) > 12θ0,
if ε0 = ε0(θ0, τ, A) is chosen small enough. Now use Lemma 6 to conclude that
(13.17) p∞(νi, νj, νk) .θ0 p0(νi, νj, νk).
Moreover, from (13.15) and the fact that `(Jh) ≈τ,A diam(Qh) for any h we conclude
that
p0(νi, νj, νk) .
∫ ∑
Q∈Tree(R)\Stop(R):x∈2BQ
p
[δ,Q]
0 (x, νj, νk) dνi(x)
.
∑
Q∈Tree(R)\Stop(R)
p
[δ,Q]
0 (νib2BQ, νj, νk),
where δ = δ(ε0, τ, A) is chosen small enough. Furthermore, using that ν = gµ and
arguing as in the case of p∞,F(σbGR) we get∑
(i,j,k)∈JF
p0(νi, νj, νk) .
∑
Q∈Tree(R)\Stop(R)
p
[δ,Q]
0 (νb2BQ, ν, ν)
.τ,A
∑
Q∈Tree(R)\Stop(R)
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
.τ,A α2Θµ(2BR)2µ(R)
. ε1/200 Θµ(2BR)2µ(R),
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where α = α(θ0, ε0, τ, A) is chosen small enough. From this, (13.16) and (13.17) by
summing on (i, j, k) ∈ JF we deduce that
∑
(i,j,k)∈JF
p∞
(
σbĴi, σbĴj, σbĴk
)
. ε1/400 Θµ(2BR)2µ(R)
+
∫∫∫
|x−y|> 1
2
ε
−1/20
0 (`x+`y)
|x−z|> 1
2
ε
−1/20
0 (`x+`z)
|y−z|> 1
2
ε
−1/20
0 (`y+`z)
[Tx(y, z) + Ty(x, z) + Tz(x, y)] dσ(x) dσ(y) dσ(z)
+
∫∫∫
|x−y|> 1
2
ε
−1/20
0 (`x+`y)
|x−z|> 1
2
ε
−1/20
0 (`x+`z)
|y−z|> 1
2
ε
−1/20
0 (`y+`z)
[Tx(y, z) + Ty(x, z) + Tz(x, y)] dν(x) dν(y) dν(z),
(13.18)
where ε0 = ε0(θ0) was chosen small enough. Recall the definition of ν in (13.10).
To estimate the first triple integral in the right side of (13.18), notice that∫∫
|x−y|> 1
2
ε
−1/20
0 (`x+`y)
|x−z|> 1
2
ε
−1/20
0 (`x+`z)
Tx(y, z) dσ(y) dσ(z)
6
(∫
|x−y|> 1
2
ε
−1/20
0 `x
`x
|x− y|2 dσ(y)
)(∫
|x−z|> 1
2
ε
−1/20
0 `x
`x
|x− z|2 dσ(z)
)
=
(∫
|x−y|> 1
2
ε
−1/20
0 `x
`x
|x− y|2 dσ(y)
)2
. ε1/100 Θµ(2BR)2,
(13.19)
where the last inequality follows from splitting the domain {y : |x− y| > 1
2
ε
−1/20
0 `x}
into annuli and the linear growth of σ with constant . Θµ(2BR) (see (2.4)). Anal-
ogous estimates hold permuting x, y, z, and also interchanging σ by ν (the implicit
constant in the analogue of (13.19) for ν depends on τ and A then). Indeed, this is
a consequence of the following result.
Lemma 43. It holds that
ν(B(x, r)) .τ,A Θµ(2BR) r, where r > `x > 0 and x ∈ spt ν ⊂ R \RFar.
Proof. Recall that ν = gµ with g bounded by a constant depending in τ and A, see
(13.10).
If r > diamR, then spt ν ⊂ B(x, r) and thus
ν(B(x, r)) .τ,A µ(2BR) ≈τ,A Θµ(2BR) diam(R) .τ,A Θµ(2BR) r.
Consequently, we may suppose below that `x 6 r 6 diam(R).
First let d(x) 6 C(τ, A)`x, where C(τ, A) > 0 will be chosen later. Then there
should exist P ∈ DbTree(R) such that B(x, r) ⊂ 2BP and diam(P ) ≈τ,A r so that
ν(B(x, r)) .τ,A µ(B(x, r)) .τ,A µ(2BP ) ≈τ,A Θµ(2BR) diam(P ) ≈τ,A Θµ(2BR)r.
Now let d(x) > C(τ, A)`x > 0. Set y = (Π(x), F (Π(x))) ∈ ΓR. As shown in the
proof of Lemma 24, d(y) 6 c(τ, A)`x with some c(τ, A) > 0. Choose Q′ ∈ DbTree(R)
so that
dist(y,Q′) + diam(Q′) 6 2d(y).
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Taking into account that x ∈ R \RFar, from Lemma 26 and the properties of ΓR we
deduce that dist(x, y) . 4√ε0 d(x) 6 8√ε0 d(x) if ε0 is chosen small enough. Thus
d(x) 6 dist(x,Q′) + diam(Q′) 6 dist(x, y) + 2d(y) 6 8√ε0 d(x) + 2c(τ, A)`x
6 8√ε0 d(x) + 2c(τ, A)
C(τ, A)
d(x) 6 ( 8√ε0 + 12)d(x) < d(x),
if we choose C(τ, A) > 4c(τ, A). Hence we get a contradiction if d(x) > C(τ, A)`x >
0. 
By plugging the estimates obtained into (13.18), choosing ε0 = ε0(τ, A) small
enough and recalling (13.13) we get
p∞,F(σbΓB0 \GR) . ε1/400 Θµ(2BR)2 µ(R).
Now it remains to estimate the last two terms of (13.12). The arguments are
similar to the preceding ones.
3. Since σbGR = νbGR, we have
p∞,F(σbGR, σbΓB0 \GR, σbΓB0 \GR) = p∞,F(νbGR, σbΓB0 \GR, σbΓB0 \GR)
and
p∞,F(σbGR, σbGR, σbΓB0 \GR) = p∞,F(νbGR, νbGR, σbΓB0 \GR).
Concerning the term p∞,F(σbGR, σbΓB0 \GR, σbΓB0 \GR), the main difference with
respect to the estimates above for p∞,F(σbΓB0 \ GR) is that Tx(y, z) equals zero in
this case, and instead of integrating over σbĴi and νi and then summing on i, one
integrates over σbGR. Then one obtains
p∞,F(σbGR,σbΓB0 \GR, σbΓB0 \GR)
. ε1/400 Θµ(2BR)2 µ(R)
+
∫∫∫
|x−y|> 1
2
ε
−1/20
0 `y
|x−z|> 1
2
ε
−1/20
0 `z
|y−z|> 1
2
ε
−1/20
0 (`y+`z)
[Ty(x, z) + Tz(x, y)] dσ(x) dσ(y) dσ(z)
+
∫∫∫
|x−y|> 1
2
ε
−1/20
0 `y
|x−z|> 1
2
ε
−1/20
0 `z
|y−z|> 1
2
ε
−1/20
0 (`y+`z)
[Ty(x, z) + Tz(x, y)] dν(x) dν(y) dν(z).
The last two triple integrals are estimated as in (13.19), and then it follows that
p∞,F(σbGR, σbΓB0 \GR, σbΓB0 \GR) . ε1/400 Θµ(2BR)2 µ(R).
4. Finally, the arguments for p∞,F(σbGR, σbGR, σbΓB0 \GR) are very similar. In
this case, both terms Tx(y, z) and Ty(x, z) vanish, and analogously we also get
p∞,F(σbGR, σbGR, σbΓB0 \GR) . ε1/400 Θµ(2BR)2 µ(R).
This finishes the proof of Lemma 36.
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14. The packing condition for Top cubes and the end of the proof of
Main Lemma
14.1. Properties of the trees. In order to prove the packing condition for Top
cubes we will first extract some necessary results from Lemmas 9, 14, 29, 30 and 38.
We suppose that all the parameters and thresholds from Section 8 are chosen prop-
erly. Recall also the definition (11.7) of GR.
Lemma 44. Let µ be a finite measure with compact support such that
p0(µ) <∞.
Considering the David-Mattila dyadic lattice D associated with µ, let R ∈ Ddb. Then
there exists a CF θ0-Lipschitz function F : LR → L⊥R, where CF > 0 is independent
of R, a family of pairwise disjoint cubes Stop(R) ⊂ D(R) and a set GR ⊂ R such
that
(a) GR is contained in ΓR = F (LR) and moreover µbGR is absolutely continuous
with respect to Θµ(2BR)H1ΓR;
(b) for any Q ∈ Tree(R),
Θµ(2BQ) . AΘµ(2BR);
(c) if R ∈ TV F (θ0), then∑
Q∈Stop(R)
Q/∈HD(R)∪UB(R)
µ(Q) 6
√
τ µ(R) +
1
α2Θµ(2BR)2
∑
Q˜∈Tree(R)
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR);
if R /∈ TV F (θ0), then∑
Q∈Stop(R)
Q/∈HD(R)∪UB(R)∪BS(R)
µ(Q) 6
√
τ µ(R) +
1
α2Θµ(2BR)2
∑
Q˜∈Tree(R)
p
[δ,Q˜]
0 (µb2BQ˜, µb2BR, µb2BR).
14.2. New families of stopping cubes. According to Section 9 and Lemma 44,
each R ∈ Ddb generates several families of cubes fulfilling certain properties. In this
subsection we will introduce some variants of these families. The idea is to have
stopping cubes that are always different from R and are in Ddb, cf. Remark 4.
Recall that each cube in HD(R) is in Ddb and is clearly different from R due to
the fact that Q ∈ HD(R) satisfies Θµ(2BQ) > AΘµ(2BR) with A 1.
Now we turn our attention to the family UB(R). By Lemma 5, if Q ∈ UB(R), i.e.
it is γ-unbalanced, there exists a family of pairwise disjoint cubes {P}P∈IQ ⊂ Ddb(Q)
such that diam(P ) & γ diam(Q) and Θµ(2BP ) & γ−1 Θµ(2BQ) for each P ∈ IQ, and
(14.1)
∑
P∈IQ
Θµ(2BP )
2 µ(P ) & γ−2 Θµ(2BQ)2 µ(Q).
Let I ′Q be a family of (not necessarily doubling) cubes contained in Q, with side
length comparable to adiam(Q) with some a > 0, disjoint from the ones from IQ,
so that
Q =
⋃
P∈IQ
P ∪
⋃
P∈I′Q
P.
To continue, we introduce additional notation. Given a cube Q ∈ D, we denote
by MD(Q) the family of maximal cubes (with respect to inclusion) from Ddb(Q).
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By Lemma 2, this family covers µ-almost all Q. Furthermore, using the definition
just given, we denote by I˜Q the family
⋃
P∈I′QMD(P ). Moreover, we set
U˜B(R) =
⋃
Q∈UB(R)
(IQ ∪ I˜Q).
One can deduce from (14.1) that R 6∈ U˜B(R) for a and γ small enough.
Now consider BS(R). Each cube in this family is inDdb by construction. Moreover,
R /∈ BS(R) due to the condition ](LQ, LR) > θ(R) > 0 for each Q ∈ BS(R).
To continue, we set
O(R) = Stop(R) \ (HD(R) ∪ UB(R) ∪ BS(R)) = LD(R) ∪ BP(R) ∪ F(R)
and
O˜(R) =
{⋃
Q∈D
MD(Q) : Q is a son of some cube from O(R)
}
.
This guarantees thatR /∈ O˜(R) as cubes in O˜(R) are descendants of cubes in Tree(R).
Finally, let
Next(R) = HD(R) ∪ U˜B(R) ∪ O˜(R) ∪ BS(R).
By construction, all cubes in Next(R) are disjoint, doubling and different from R.
Moreover,
(14.2) R \
⋃
Q∈Next(R)
Q = R \
⋃
Q∈Stop(R)
Q.
Using the small boundaries property of the David-Mattila lattice and the definition
(11.7), one can also show that
(14.3) µ
R \ ⋃
Q∈Stop(R)
Q
 = µ(GR).
For the record, notice also that, by construction, if P ∈ Next(R), then
(14.4) Θµ(2BS) .τ,A Θµ(2BR) for all S ∈ D such that P ⊂ S ⊂ R.
14.3. The corona decomposition. Recall that we assumed that µ has compact
support. Let
R0 := sptµ.
Obviously we may suppose that R0 ∈ Ddb. We will construct the family Top con-
tained in R0 inductively applying Lemma 44 so that Top =
⋃
k>0 Topk. Let
Top0 = {R0}.
Assuming Topk to be defined, we set
Topk+1 =
⋃
R∈Topk
Next(R).
Note that cubes in Next(R), with R ∈ Topk, are pairwise disjoint.
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14.4. The families of cubes IDH, IDU and ID. We distinguish two types of
cubes R ∈ Top. We write R ∈ IDH (increasing density because of high density
cubes) if
µ
( ⋃
Q∈HD(R)
Q
)
> 1
4
µ(R).
Also, we write R ∈ IDU (increasing density because of unbalanced cubes) if
µ
( ⋃
Q∈U˜B(R)
Q
)
> 1
4
µ(R).
Additionally, let
ID = IDH ∪ IDU .
Lemma 45 (Lemma 5.4 and its proof in [AT]). If R ∈ ID, then
Θµ(2BR)
2 µ(R) . 1
A2
∑
Q∈HD(R)
Θµ(2BQ)
2 µ(Q)
Θµ(2BR)
2 µ(R) . γ
2
τ 2
∑
Q∈U˜B(R)
Θµ(2BQ)
2 µ(Q).
Moreover, if A is such that A−1 6 τ 2 and γ 6 τ 3, then
Θµ(2BR)
2 µ(R) 6 cτ 4
∑
Q∈Next(R)
Θµ(2BQ)
2 µ(Q),
where c > 0 is some absolute constant.
14.5. The packing condition. Recall that we assume linear growth of µ, i.e.
(14.5) µ(B(x, r)) 6 C∗r ∀x ∈ sptµ, r > 0,
for some constant C∗ > 0 (see (2.4)). Using this assumption, we will prove the
following.
Lemma 46. If the parameters and thresholds in Section 8 are chosen properly, then
(14.6)
∑
R∈Top
Θµ(2BR)
2 µ(R) 6 c5 p0(µ) + cC2∗ µ(C),
where c5 = c5(τ, A, θ0, γ, ε0, α, δ) > 0 and c > 0.
Proof. For a given k > 0, we set Topk0 =
⋃
06j6k Topj and ID
k
0 = ID ∩ Topk0.
To prove (14.6), first we deal with the cubes from the ID family. By Lemma 45,∑
R∈IDk0
Θµ(2BR)
2 µ(R) 6 cτ 2
∑
R∈IDk0
∑
Q∈Next(R)
Θµ(2BQ)
2 µ(Q)
6 cτ 2
∑
R∈Topk+10
Θµ(2BR)
2 µ(R),
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because the cubes from Next(R) with R ∈ Topk0 belong to Topk+10 . So we have∑
R∈Topk0
Θµ(2BR)
2 µ(R)
=
∑
R∈Topk0\IDk0
Θµ(2BR)
2 µ(R) +
∑
R∈IDk0
Θµ(2BR)
2 µ(R)
6
∑
R∈Topk0\IDk0
Θµ(2BR)
2 µ(R) + cτ 2
∑
R∈Topk0
Θµ(2BR)
2 µ(R) + cτ 2
∑
R∈Topk+1
Θµ(2BR)
2 µ(R)
6
∑
R∈Topk0\IDk0
Θµ(2BR)
2 µ(R) + cτ 2
∑
R∈Topk0
Θµ(2BR)
2 µ(R) + c τ 2C2∗µ(R0),
where we took into account that Θµ(2BR) . C∗ for every R ∈ Top (and in particular
for all R ∈ Topk+1). So, having τ small enough, we deduce that
(14.7)
∑
R∈Topk0
Θµ(2BR)
2 µ(R) 6 1.1
∑
R∈Topk0\IDk0
Θµ(2BR)
2 µ(R) + cτ 2C2∗µ(R0).
Let us estimate the first term in the right hand side of (14.7). First note that
µ
(
R \
⋃
Q∈HD(R)∪U˜B(R)
Q
)
> 1
2
µ(R) for anyR ∈ Topk0 \ IDk0 .
Next, by applying the inequalities (c) in Lemma 44 and recalling (14.2) and (14.3)
we get
µ(R) 6 2µ
(
R \
⋃
Q∈Next(R)
Q
)
+ 2µ
( ⋃
Q∈O˜(R)∪BS(R)
Q
)
6 2µ(GR) + 2µ
( ⋃
Q∈O˜(R)
Q
)
+ 2
∑
Q∈BS(R)
(if R∈TV F (θ0))
µ(Q) + 2
∑
Q∈BS(R)
(if R/∈TV F (θ0))
µ(Q)
6 2µ(GR) + 2
√
τ µ(R) + 2
∑
Q∈BS(R)
(if R/∈TV F (θ0))
µ(Q)
+
2α−2
Θµ(2BR)2
∑
Q∈Tree(R)
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR).
Suppose that τ is small enough to get
µ(R) 6 2.1µ(GR) + 2.1
∑
Q∈BS(R)
(if R/∈TV F (θ0))
µ(Q)
+
2.1α−2
Θµ(2BR)2
∑
Q∈Tree(R)
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR).
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So we deduce from (14.7) that∑
R∈Topk0
Θµ(2BR)
2 µ(R)
6 3
∑
R∈Topk0\IDk0
Θµ(2BR)
2 µ(GR)(14.8)
+
3
α2
∑
R∈Topk0
∑
Q∈Tree(R)
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR)
+ 3
∑
R∈Topk0\(IDk0∪TV F (θ0))
Θµ(2BR)
2
∑
Q∈BS(R)
µ(Q)
+ cτ 2C2∗µ(R0).
In order to deal with the first sum on the right hand side we take into account that
Θµ(2BR) . C∗ for all R ∈ Top by (14.5) and that the sets GR with R ∈ Top are
pairwise disjoint. Then we get∑
R∈Topk0\IDk0
Θµ(2BR)
2 µ(GR) 6 cC2∗ µ(R0).
On the other hand, the double sum in (14.8) does not exceed
2
∑
Q∈D
p
[δ,Q]
0 (µb2BQ, µb2BR, µb2BR) 6 c(δ) p0(µ),
by the finite superposition of the domains of integration. Recall that δ = δ(γ, ε0).
So we obtain∑
R∈Topk0
Θµ(2BR)
2 µ(R) 6cC2∗ µ(R0) + c(τ, A, γ, ε0, α) p0(µ)(14.9)
+ c
∑
R∈Topk0\(IDk0∪TV F (θ0))
Θµ(2BR)
2
∑
Q∈BS(R)
µ(Q).
The third term in (14.9) without the constant may be written as the sum∑
R∈Topk0\(IDk0∪TV F (θ0))
Θµ(2BR)
2(S1(R) + S2(R)),
where
S1(R) =
∑
Q∈BS(R)∩TV F (θ0)\IDk+10
µ(Q) and S2(R) =
∑
Q∈BS(R)∩TV F (θ0)∩IDk+10
µ(Q).
Note that we have the intersection with TV F (θ0) in these sums. This is so because
for any Q ∈ BS(R), where R ∈ Top \ TV F (θ0), it holds that
θV (LQ) > ](LQ, LR)− θV (LR) > 2(1 + CF )θ0 − (1 + CF )θ0 = (1 + CF )θ0,
and thus Q ∈ TV F (θ0).
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Let us estimate S1(R). Since Q ∈ TV F (θ0) \ IDk+10 , we deduce from (c) in
Lemma 44 that
µ(Q) 6 2µ
(
Q \
⋃
P∈Next(Q)
P
)
+ 2µ
( ⋃
P∈O˜(Q)∪BS(Q)
P
)
6 2µ(GQ) + 2µ
( ⋃
Q∈O˜(R)
Q
)
+ 2
∑
P∈BS(Q)
(if Q∈TV F (θ0))
µ(P )
6 2µ(GQ) + 2
√
τ µ(Q) +
2α−2
Θµ(2BQ)2
∑
P∈Tree(Q)
p
[δ,P ]
0 (µb2BP , µb2BQ, µb2BQ).
If τ is small enough, then
µ(Q) 6 2.1µ(GQ) +
2.1α−2
Θµ(2BQ)2
∑
P∈Tree(Q)
p
[δ,P ]
0 (µb2BP , µb2BQ, µb2BQ).
Recall that BS(R) ∩ TV F (θ0) \ IDk+10 ⊂ Next(R). So we deduce that
S1(R) 6 2.1
∑
Q∈Next(R)
(
µ(GR) +
α−2
Θµ(2BR)2
∑
P∈Tree(Q)
p
[δ,P ]
0 (µb2BP , µb2BQ, µb2BQ)
)
.
Consequently, using that Θµ(2BR) . C∗, we obtain∑
R∈Topk0\(IDk0∪TV F (θ0))
Θµ(2BR)
2S1(R)
6 cC2∗
∑
R∈Topk0
∑
Q∈Next(R)
µ(GQ)
+
c
α2
∑
R∈Topk0\(IDk0∪TV F (θ0))
∑
Q∈Next(R)
∑
P∈Tree(Q)
p
[δ,P ]
0 (µb2BP , µb2BQ, µb2BQ)
6 cC2∗
∑
R∈Topk+10
µ(GR) +
c
α2
∑
R∈Topk+10
∑
P∈Tree(R)
p
[δ,P ]
0 (µb2BP , µb2BR, µb2BR).
Take into account that the sets GR with R ∈ Top are disjoint and that the last
(double) sum is controlled by c(δ) p0(µ) by the finite superposition of the domains
of integration. So we have∑
R∈Topk0\(IDk0∪TV F (θ0))
Θµ(2BR)
2S1(R) 6 cC2∗µ(R0) + c(τ, A, δ, α) p0(µ).
Now we estimate S2(R). Since BS(R)∩ LD(R) = ∅, for each Q ∈ BS(R) we have
Θµ(2BQ) > τΘµ(2BR) and thus
S2(R) 6
1
τ 2Θµ(2BR)2
∑
Q∈BS(R)∩TV F (θ0)∩IDk+10
Θµ(2BQ)
2µ(Q).
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Since Q ∈ IDk+10 , by Lemma 45,
S2(R) 6
1
τ 2Θµ(2BR)2
∑
Q∈BS(R)∩TV F (θ0)∩IDk+10
cτ 4
∑
P∈Next(Q)
Θµ(2BP )
2µ(P )
6 cτ
2
Θµ(2BR)2
∑
Q∈BS(R)∩TV F (θ0)∩IDk+10
∑
P∈Next(Q)
Θµ(2BP )
2µ(P ).
Consequently, taking into account that BS(R) ∩ TV F (θ0) ∩ IDk+10 ⊂ Next(R) and
Topk0 \ (IDk0 ∪ TV F (θ0)) ⊂ Topk0, we obtain∑
R∈Topk0\(IDk0∪TV F (θ0))
Θµ(2BR)
2S2(R) 6 cτ 2
∑
R∈Topk0
∑
Q∈Next(R)
∑
P∈Next(Q)
Θµ(2BP )
2µ(P )
6 cτ 2
∑
R∈Topk+20
Θµ(2BR)
2µ(R)
6 cτ 2
∑
R∈Topk0
Θµ(2BR)
2µ(R) + cτ 2C2∗µ(R0).
Coming back to (14.9), we deduce that∑
R∈Topk0
Θµ(2BR)
2 µ(R)
6 cC2∗ µ(R0) + c(τ, A, δ, α) p0(µ) + cτ 2
∑
R∈Topk0
Θµ(2BR)
2µ(R).
Choosing τ small enough and recalling the information in Section 8 yield∑
R∈Topk0
Θµ(2BR)
2 µ(R) 6 c5p0(µ) + cC2∗ µ(R0),
where c5 actually depends on all the parameters and thresholds mentioned in Sec-
tion 8.
Letting k →∞ finishes the proof of Lemma 46. 
14.6. The end of the proof of Main Lemma. We first prove an additional
property. For Q, Q˜ ∈ D with Q ⊂ Q˜, define
δµ(Q, Q˜) =
∫
2BQ˜\2BQ
1
|y − zQ|dµ(y),
where zQ is the center of BQ, see Lemma 1. Then the following statement holds.
Lemma 47. For all Q ∈ Next(R) there exists a cube Q˜ ∈ DbTree(R) such that
δµ(Q, Q˜) .τ,A Θµ(2BR) and 2BQ˜ ∩ ΓR 6= ∅.
Proof. Take Q′ ⊃ Q such that Q′ ∈ Stop(R). By Lemma 11, there exists Q˜ ∈
DbTree(R) such that Q′ ⊂ Q˜ and r(Q′) ≈τ,A r(Q˜). Moreover, one can easily deduce
from Lemma 26 that 2BQ˜ ∩ ΓR 6= ∅ if ε0 is small enough (since Q˜ ∈ DbTree(R),
there is x ∈ Q˜ \RFar).
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Furthermore, split
δµ(Q, Q˜) =
∫
2BQ˜\2BQ′
1
|y − zQ|dµ(y) +
∫
2BQ′\2BQ
1
|y − zQ|dµ(y).
In the first integral we have |y − zQ| & r(Q′) ≈τ,A r(Q˜) as y /∈ 2BQ′ and therefore∫
2BQ˜\2BQ′
1
|y − zQ|dµ(y) .τ,A Θµ(2BQ˜) .τ,A Θµ(2BR),
where we also used the right hand side inequality in (9.2) in Lemma 9. To estimate
the second integral we take into account that by construction there are no doubling
cubes strictly between Q and Q′. This together with Lemma 4 and properties of Q′
and Q˜ imply by standard estimates (in particular, splitting the domain of integration
into annuli with respect to the intermediate cubes between Q and Q′) that∫
2BQ′\2BQ
1
|y − zQ|dµ(y) . Θµ(100B(Q
′)) .τ,A Θµ(2BQ˜) .τ,A Θµ(2BR).
Thus we are done. 
Lemma 44, Lemma 47 and the property (14.4) allow us to use arguments as in
[T4, Lemma 17.6] in order to show that if µ(B(x, r)) 6 C∗r for all x ∈ C, then
c2(µ) .
∑
R∈Top
Θµ(2BR)
2 µ(R)
for our family Top. By combining this estimate and the identity (2.3) with Lemma 46
for fixed suitable parameters from Section 8, we obtain
p∞(µ) . p0(µ) + C2∗µ(C)
as wished.
15. The case of curvature. The bi-Lipschitz invariance of the
Cauchy transform
Here we come back to the notion of curvature c2(µ). Recall that p∞(µ) = 14c
2(µ).
It is easy to see that one can exchange p0 for c
2 in the stopping conditions. Then
we can prove the following analogue of Lemma 46 by the arguments used above.
Lemma 48. If the parameters and thresholds in Section 8 are chosen properly, then
(15.1)
∑
R∈Top
Θµ(2BR)
2 µ(R) 6 c6 c2(µ) + cC2∗ µ(C),
where c6 = c6(τ, A, θ0, γ, ε0, α, δ) > 0 and c > 0.
A more direct way to prove this is to use Lemma 46 and the inequality (2.6).
Now recall the following theorem from [AT]:
If µ is a finite compactly supported measure such that µ(B(x, r)) 6 r for all x ∈ C
and r > 0, then
(15.2) c2(µ) + µ(C) ≈
∫∫ ∞
0
βµ,2(x, r)
2 Θµ(x, r)
dr
r
dµ(x) + µ(C),
where the implicit constants are absolute.
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Note that the part . of (15.2) was proved in [AT] by means of the David-Mattila
lattice and a corona type construction similar to the one we considered in this
chapter. However, the part & was proved in [AT] by the corona decomposition of
[T2] that involved the usual dyadic lattice D(C), instead of the David-Mattila lattice
D.
Using Lemma 48 we can also prove the part & of (15.2) using only the David-
Mattila lattice and an associated corona type construction and thus unify the ap-
proach with the proof of the part . in [AT]. As predicted in [T4, Section 19], this
indeed simplifies some of the technical difficulties arising from the lack of a well
adapted dyadic lattice to the measure µ in [T2].
Clearly, we need to show that
(15.3)
∫∫ ∞
0
βµ,2(x, r)
2 Θµ(x, r)
dr
r
dµ(x) . c2(µ) + µ(C)
or, equivalently, in a discrete form that
(15.4)
∑
Q∈D
βµ,2(2BQ)
2 Θµ(2BQ)µ(Q) . c2(µ) + µ(C).
By the packing condition (15.1) for C∗ = 1, to prove (15.4) it suffices to show that
for every R ∈ Top the following estimate holds true:
S(R) =
∑
Q∈T˜ree(R)
βµ,2(2BQ)
2 Θµ(2BQ)µ(Q) . Θµ(2BR)2µ(R),
where T˜ree(R) contains cubes in R not strictly contained in S˜top(R). By St(R) we
denote cubes in Stop(R) not strictly contained in S˜top(R). Obviously, βµ,2(2BQ)
2 6
4Θµ(2BQ) for any Q ∈ T˜ree(R) and therefore
S(R) 6
∑
Q∈Tree(R)\Stop(R)
βµ,2(2BQ)
2 Θµ(2BQ)µ(Q) +
∑
Q∈St(R)
Θµ(2BQ)
2 µ(Q).
By Lemma 4, the density of all intermediate cubes between S˜top(R) and Stop(R),
i.e. cubes in St(R), is controlled by the density of cubes from Stop(R) so it can be
shown that ∑
P∈St(R)
Θµ(2BP )
2 µ(P ) .
∑
Q∈Stop(R)
Θµ(2BQ)
2 µ(Q).
Moreover,∑
Q∈Stop(Q)
Θµ(2BQ)
2 µ(Q) .A Θµ(2BR)2
∑
Q∈Stop(R)
µ(Q) .A Θµ(2BR)2µ(R),
as cubes in Stop(R) are disjoint subsets of R.
What is more, arguments similar to those in Lemmas 7 and 12 imply that∑
Q∈Tree(R)\Stop(R)
βµ,2(2BQ)
2 Θµ(2BQ)µ(Q)
.γ Θµ(2BR)2
∑
Q∈Tree(R)\Stop(R)
c2[δ,Q](µb2BQ)
Θµ(2BR)2
.α,γ Θµ(2BR)2µ(R).
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Thus, SR .γ,α,A Θµ(2BR)2µ(R), where γ, α and A depend on other parameters
and thresholds and are suitably chosen and fixed at the end.
The arguments above also provide a new proof of the bi-Lipschitz invariance of
the L2-boundedness of the Cauchy transform, first proved in [T2]:
Let µ is a finite measure in the plane with linear growth and let µ˜ := ϕ#µ be
the image measure of µ under a bi-Lipschitz map ϕ. If the Cauchy transform Cµ is
L2(µ)-bounded, then the Cauchy transform Cµ˜ is also L
2(µ˜)-bounded.
By an easy application of the T1 theorem, to prove this statement it suffices to
show that for any finite measure µ with linear growth,
(15.5) c2(µ˜) . c2(µ) + µ(C),
with the implicit constant depending only on the linear growth of µ.
In Lemma 48 we have shown that the measure µ has a corona decomposition with
a suitable packing condition. From this corona decomposition one can obtain an
analogous one for µ˜. Indeed, consider the lattice of the cubes
D′ = {ϕ(Q) : Q ∈ D},
and set
Top′ = {ϕ(Q) : Q ∈ Top}.
The corona decomposition for µ˜ in terms of the family Top′ satisfies the packing
condition ∑
R′∈Top′
Θµ˜(2BR′)
2 µ˜(R′) .
∑
R∈Top
Θµ(2BR)
2 µ(R) . c2(µ) + µ(C).
Then arguing as in [T2, Main Lemma 8.1], one derives
c2(µ˜) .
∑
R′∈Top′
Θµ˜(2BR′)
2 µ˜(R′) + µ˜(C) . c2(µ) + µ(C),
which yields (15.5).
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